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Part I

Numeri
al Analysis
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1 Phase Range [-90:90℄ - Test Case 1 - 55x55 - Linear Polarization

1.1 K=800, P=100, I=100000

In the Fig. 1 is depi
ted the behaviour of the Cost Fun
tion varying the random seed. The best value of 
ost

fun
tion is a
hieved by Seed=2 and is Φ = 5.089× 10−1
.

10-1

100

 0  20000  40000  60000  80000  100000

C
os

t, 
Φ

be
st

(i)

Iteration Number, i

Seed=1
Seed=2

Figure 1: Cost Fun
tion behaviour at di�erent random seed.

At this value of 
ost fun
tion the a
hieved performan
e on the Phase are showed in Fig. 2 and are numeri
ally

showed in table I.
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Figure 2: Phase (a)(
)(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-Norm


urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total 
urrent for the random seed = 1(
)(d) and for the random seed =

2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value< φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 5.288× 10−1 654 631 −178.70 179.57 2.13× 105

Seed=2 5.089× 10−1 664 593 −179.05 178.27 2.20× 105

Table I: Cost Fun
tion value and statisti
s about the result.

The veri�
ation of the radiated �eld is showed in Fig. 3 and numeri
ally in table II.
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Figure 3: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�eren
e with respe
t to the original �eld

(
)(f ) of the seed=1 (a)(b)(
) and seed=2 (d)(e)(f ).

Seed ξ

1 1.91× 10−3

2 2.03× 10−3

Table II: Integral error of the di�eren
e between the original �eld and the one radiated by the total 
urrent.
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1.2 K=800, P=200, I=100000

In the Fig. 4 is depi
ted the behaviour of the Cost Fun
tion varying the random seed. The best value of 
ost

fun
tion is a
hieved by Seed=2 and is Φ = 5.004× 10−1
.
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Figure 4: Cost Fun
tion behaviour at di�erent random seed.

At this value of 
ost fun
tion the a
hieved performan
e on the Phase are showed in Fig. 5 and are numeri
ally

showed in table III.
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Figure 5: Phase (a)(
)(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-Norm


urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total 
urrent for the random seed = 1(
)(d) and for the random seed =

2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value< φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 5.052× 10−1 645 588 −179.55 177.71 4.36× 105

Seed=2 5.004× 10−1 664 581 −179.92 178.12 4.22× 105

Table III: Cost Fun
tion value and statisti
s about the result.

The veri�
ation of the radiated �eld is showed in Fig. 6 and numeri
ally in table IV.
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Figure 6: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�eren
e with respe
t to the original �eld

(
)(f ) of the seed=1 (a)(b)(
) and seed=2 (d)(e)(f ).

Seed ξ

1 1.73× 10−3

2 1.96× 10−3

Table IV: Integral error of the di�eren
e between the original �eld and the one radiated by the total 
urrent.
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1.3 K=800, P=400, I=100000

In the Fig. 7 is depi
ted the behaviour of the Cost Fun
tion varying the random seed. The best value of 
ost

fun
tion is a
hieved by Seed=2 and is Φ = 4.511× 10−1
.

10-1

100

 0  20000  40000  60000  80000  100000

C
os

t, 
Φ

be
st

(i)

Iteration Number, i

Seed=1
Seed=2

Figure 7: Cost Fun
tion behaviour at di�erent random seed.

At this value of 
ost fun
tion the a
hieved performan
e on the Phase are showed in Fig. 8 and are numeri
ally

showed in table V.
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Figure 8: Phase (a)(
)(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-Norm


urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total 
urrent for the random seed = 1(
)(d) and for the random seed =

2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value< φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 4.774× 10−1 630 581 −179.33 177.82 8.44× 105

Seed=2 4.511× 10−1 650 576 −179.58 178.25 8.85× 103

Table V: Cost Fun
tion value and statisti
s about the result.

The veri�
ation of the radiated �eld is showed in Fig. 9 and numeri
ally in table VI.
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Figure 9: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�eren
e with respe
t to the original �eld

(
)(f ) of the seed=1 (a)(b)(
) and seed=2 (d)(e)(f ).

Seed ξ

1 1.79× 10−3

2 1.96× 10−3

Table VI: Integral error of the di�eren
e between the original �eld and the one radiated by the total 
urrent.
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1.4 K=2000, P=250, I=100000

In the Fig. 10 is depi
ted the behaviour of the Cost Fun
tion varying the random seed. The best value of 
ost

fun
tion is a
hieved by Seed=2 and is Φ = 4.460× 10−1
.
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Figure 10: Cost Fun
tion behaviour at di�erent random seed.

At this value of 
ost fun
tion the a
hieved performan
e on the Phase are showed in Fig. 11 and are numeri
ally

showed in table VII.

ELEDIA�UniTN - DICAM, University of Trento - Student Report page 13/29



Phase Phase �out-of-Mask�

∠
{

J
M

N
p

(x
,y
)}

-10

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

-10 -8 -6 -4 -2  0  2  4  6  8  10

y 
[λ

]

x [λ]

-π

-π/2

0

π/2

π

∠
(J

(x
,y

))
 [r

ad
]

-10

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

-10 -8 -6 -4 -2  0  2  4  6  8  10

y 
[λ

]

x [λ]

-π

-π/2

0

π/2

π

∠
(J

(x
,y

))
 [r

ad
]

(a) (b)

∠
{

J
T
O
T

p
(x
,y
|α
)}

,S
e

e

d

=

1

-10

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

-10 -8 -6 -4 -2  0  2  4  6  8  10

y 
[λ

]

x [λ]

-π

-π/2

0

π/2

π

∠
(J

(x
,y

))
 [r

ad
]

-10

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

-10 -8 -6 -4 -2  0  2  4  6  8  10

y 
[λ

]

x [λ]

-π

-π/2

0

π/2

π

∠
(J

(x
,y

))
 [r

ad
]

(
) (d)

∠
{

J
T
O
T

p
(x
,y
|α
)}

,S
e

e

d

=

2

-10

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

-10 -8 -6 -4 -2  0  2  4  6  8  10

y 
[λ

]

x [λ]

-π

-π/2

0

π/2

π

∠
(J

(x
,y

))
 [r

ad
]

-10

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

-10 -8 -6 -4 -2  0  2  4  6  8  10

y 
[λ

]

x [λ]

-π

-π/2

0

π/2

π

∠
(J

(x
,y

))
 [r

ad
]

(e) (f )

Figure 11: Phase (a)(
)(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm 
urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total 
urrent for the random seed = 1(
)(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value< φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄ parallel no-parallel

MN 1.0 899 663 −179.87 179.63
Seed=1 4.499× 10−1 580 540 −179.27 179.81 2.73× 105 1.42× 106

Seed=2 4.460× 10−1 623 555 −177.26 179.33 2.73× 105 1.42× 106

Table VII: Cost Fun
tion value and statisti
s about the result.

The veri�
ation of the radiated �eld is showed in Fig. 12 and numeri
ally in table VIII.
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Figure 12: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�eren
e with respe
t to the original �eld

(
)(f ) of the seed=1 (a)(b)(
) and seed=2 (d)(e)(f ).

Seed ξ

1 1.96× 10−3

2 1.82× 10−3

Table VIII: Integral error of the di�eren
e between the original �eld and the one radiated by the total 
urrent.
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1.5 K=2000, P=500, I=100000

In the Fig. 13 is depi
ted the behaviour of the Cost Fun
tion varying the random seed. The best value of 
ost

fun
tion is a
hieved by Seed=2 and is Φ = 4.209× 10−1
.
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Figure 13: Cost Fun
tion behaviour at di�erent random seed.

At this value of 
ost fun
tion the a
hieved performan
e on the Phase are showed in Fig. 14 and are numeri
ally

showed in table IX.
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Figure 14: Phase (a)(
)(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm 
urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total 
urrent for the random seed = 1(
)(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value< φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄ parallel no-parallel

MN 1.0 899 663 −179.87 179.63
Seed=1 4.417× 10−1 587 546 −175.20 175.83 3.93× 105 3.07× 106

Seed=2 4.209× 10−1 568 540 −177.56 178.58 4.35× 105 3.05× 106

Table IX: Cost Fun
tion value and statisti
s about the result.

The veri�
ation of the radiated �eld is showed in Fig. 15 and numeri
ally in table X.
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Figure 15: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�eren
e with respe
t to the original �eld

(
)(f ) of the seed=1 (a)(b)(
) and seed=2 (d)(e)(f ).

Seed ξ

1 1.88× 10−3

2 1.90× 10−3

Table X: Integral error of the di�eren
e between the original �eld and the one radiated by the total 
urrent.
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1.6 K=2000, P=1000, I=100000

In the Fig. 16 is depi
ted the behaviour of the Cost Fun
tion varying the random seed. The best value of 
ost

fun
tion is a
hieved by Seed=1 and is Φ = 3.953× 10−1
.
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Figure 16: Cost Fun
tion behaviour at di�erent random seed.

At this value of 
ost fun
tion the a
hieved performan
e on the Phase are showed in Fig. 17 and are numeri
ally

showed in table XI.
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Figure 17: Phase (a)(
)(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm 
urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total 
urrent for the random seed = 1(
)(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value< φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄ parallel no-parallel

MN 1.0 899 663 −179.87 179.63
Seed=1 3.953× 10−1 557 544 −174.71 176.08 7.86× 105 5.81× 106

Seed=2 4.212× 10−1 561 509 −177.54 179.63 7.83× 105 5.79× 106

Table XI: Cost Fun
tion value and statisti
s about the result.

The veri�
ation of the radiated �eld is showed in Fig. 18 and numeri
ally in table XII.
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Figure 18: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�eren
e with respe
t to the original �eld

(
)(f ) of the seed=1 (a)(b)(
) and seed=2 (d)(e)(f ).

Seed ξ

1 1.88× 10−3

2 2.06× 10−3

Table XII: Integral error of the di�eren
e between the original �eld and the one radiated by the total 
urrent.
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1.7 Comparison

In the Fig. 19 is depi
ted a summary of the behaviour of the 
ost fun
tion at di�enent population and number

of 
oe�
ient and seed.
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Figure 19: Cost Fun
tion behaviour at di�erent population and number of 
oe�
ient for Seed=1(a) and

Seed=2(b).

Observations:

• The 
ost fun
tion is lower for the test 
ases that involve the higher number of 
oe�
ient and the higher

population;

• In Fig. 19 it is shown that the 
ost fun
tion is de
reased in
reasing the number of iteration;

• the overall results are not yet satisfa
tory and we de
ide to in
rease the range of wanted phase to [-135,135℄.
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1.8 K=2000, P=250, I=100000, 20 seed

In this Se
tion is in
reased the number of seed in order to have a statisti
al behaviour of the test 
ase with the

population almost at 6% of the number of 
oe�
ients.

In the Fig. 20 is depi
ted the behaviour of the Cost Fun
tion varying the random seed. The best value of 
ost

fun
tion is a
hieved by Seed=15 and is Φ = 4.187× 10−1
.
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Figure 20: Cost Fun
tion behaviour at di�erent random seed.

At this value of 
ost fun
tion the a
hieved performan
e on the Phase are showed in Fig. 21 and are numeri
ally

showed in table XIII.
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Figure 21: Phase (a)(
)(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-Norm


urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total 
urrent for the best random seed = 15(
)(d).

Case Φ Number of value > φMAX
p (x, y) Number of value< φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄ parallel no-parallel

MN 1.0 899 663 −179.87 179.63
Seed=15 4.187× 10−1 586 534 −177.74 179.57 1.98× 105 1.42× 106

Table XIII: Cost Fun
tion value and statisti
s about the result.

The veri�
ation of the radiated �eld is showed in Fig. 22 and numeri
ally in table XIV.
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Figure 22: Magnitude (a), Phase (b) and Magnitude of the di�eren
e with respe
t to the original �eld (
) of

the seed=15 (a)(b)(
).
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Seed ξ

15 2.25× 10−3

Table XIV: Integral error of the di�eren
e between the original �eld and the one radiated by the total 
urrent.

Moreover, the statisti
s on the 
ost fun
tion with di�erent seed is des
ried in Tab. XV

Average Φ Minimum Φ Maximum Φ Median Φ Varian
e Φ

4.551× 10−1 4.187× 10−1 4.946× 10−1 4.499× 10−1 2.988× 10−4

Table XV: Cost fun
tion statisti
s.
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More information on the topi
s of this do
ument 
an be found in the following list of referen
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