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Legenda

EM : Ex
itation Mat
hing

BEM : Border Element Method

CPM : Contiguous Partition Method

SLL: Sidelobe Level

HPBW : Half-Power Beamwidth

1 Numeri
al Validation - The K-means-based Ex
itation Mat
hing

Method

1.1 Reliability Analysis

Obje
tive: Verify the reliability of the proposed K −means algorithm. A statisti
al analysis will be 
arried

out in order to evaluate the performan
e of the method when randomly 
hanging the initialization of the array

partitions. The size of the problem is �xed (number of elements: N = 32) as well as the desired beam pointing

angle, but di�erent number of 
lusters are 
onsidered, form Q = 12 up to Q = 28 (namely, the values that will

be 
onsidered in the following Se
tions).

Array Parameters

• Number of elements: N = 32

• Number of subarrays: Q = 12, 16, 20, 24, 28

• Inter-element spa
ing: d = λ/2

• Taylor ex
itation amplitudes, SLLref = −30 [dB℄

• Pointing angle: θ0 = −5 [deg℄

K-means Clustering Parameters

• Number of iterations: I = 100

• Number of exe
utions: R = 1000
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1.1.1 Taylor Pattern, N = 32, SLLref = −30 [dB℄, θ0 = −5 [deg℄

min max µ σ2 η [%℄

Q = 12 1.43× 10−2 2.22× 10−2 1.64× 10−2 1.61× 10−6 2.1

Q = 16 8.16× 10−3 1.47× 10−2 8.76× 10−3 5.06× 10−7 11.5

Q = 20 4.23× 10−3 5.69× 10−3 5.02× 10−3 9.84× 10−8 0.4

Q = 24 1.83× 10−3 4.17× 10−3 2.12× 10−3 1.07× 10−7 1.8

Q = 28 3.47× 10−4 6.63× 10−4 4.25× 10−4 1.86× 10−8 75.2

Table I: Reliability Analysis - Statisti
s: Minimum value (min), maximum value (max), mean value (µ) and
varian
e (σ2

) of the ex
itation mat
hing error Ψ along with the �su

essful rate� (η, ratio between the number

runs whi
h 
onverge toward the best solution found by the algorithm over the total number of runs).

Out
omes:

• The performan
e of the method and the a
hieved solutions signi�
antly depend on the initial 
lustering.

However, the data in Tab. I show that generally the mean value is very 
lose to the minimum one (e.g.,

µ⌋Q=16
= 8.76 × 10−3

vs. minr=1,...,RΨr⌋Q=16
= 8.16 × 10−2

, where µ = E {Ψ} =
1

R

∑R

r=1
Ψr) and

the varian
e is very low (e.g., σ2
⌋

Q=16
= 5.06 × 10−7

, where σ2 =
1

R

∑R

r=1
{Ψr − µ}2) ex
ept for the


ase with Q = 20 where the mean value is 
loser to the maximum one (µ⌋Q=20
= 5.02 × 10−3


loser to

maxr=1,...,RΨr⌋Q=20
= 5.69× 10−3

instead of minr=1,...,RΨr⌋Q=20
= 4.23 × 10−3

). In su
h a 
ase (i.e.,

Q = 20), the su

essful rate is very low (i.e., η⌋Q=20
= 0.4%);

• Due to the sto
hasti
 nature of the algorithm R = 100 runs will be exe
uted in the next Se
tions, and

only the best solution will be sele
ted and analyzed.
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1.2 Taylor Patterns - Analysis varying Q for Di�erent Values of Referen
e Sidelobe

Level SLLref

Obje
tive: In the previous Se
tion the values reported in Tab. I 
learly show that the ex
itation mat
hing error

Ψ de
reases when the number of subarrays Q in
reases. This Se
tion is aimed at studying the performan
e of

the K−means algorithm when 
hanging the referen
e pattern, and more pre
isely when de
reasing its sidelobe

level, by evaluating all the �gure of merit. The performan
e will be analyzed also 
onsidering di�erent values

of Q, in order to 
on�rm the out
ome of the previous Se
tion. The size of the problem is kept �xed (number of

elements: N = 32) as well as the desired beam pointing angle.

Array Parameters

• Number of elements: N = 32

• Number of subarrays: Q = 12, 16, 20, 24, 28, 32

• Inter-element spa
ing: d = λ/2

• Taylor ex
itation amplitudes, SLLref = −20, −25, −30, −35, −40 [dB℄

• Pointing angle: θ0 = −10 [deg℄

K-means Clustering Parameters

• Number of iterations: I = 100

• Number of exe
utions: R = 100
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1.2.1 Taylor Pattern, N = 32, SLLref = −20 [dB℄, θ0 = −10 [deg℄

Target Solution
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Figure 1: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.
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Q = 12 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 2: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Q = 16 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 3: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 20 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 4: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Q = 24 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 5: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 28 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 6: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Pattern Features Resume

SLL [dB℄ HPBW [deg℄ Dmax [dB℄ ∆ Ψ

Q = 12 −11.56 3.30 17.90 5.34× 10
−2

3.28× 10
−2

Q = 16 −14.06 3.38 17.91 3.02× 10−2 1.86× 10−2

Q = 20 −17.46 3.49 17.88 1.06× 10−2 6.51× 10−3

Q = 24 −19.21 3.54 17.88 4.11× 10−3 2.53× 10−3

Q = 28 −20.25 3.57 17.87 6.34× 10−4 3.89× 10−4

Q = 32 −20.18 3.58 17.87 0.00 0.00

Table II: K-means solution - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values.
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1.2.2 Taylor Pattern, N = 32, SLLref = −25 [dB℄, θ0 = −10 [deg℄

Target Solution
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Figure 7: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.
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Q = 12 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 8: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Q = 16 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 9: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 20 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 10: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Q = 24 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 11: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 28 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 12: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Pattern Features Resume

SLL [dB℄ HPBW [deg℄ Dmax [dB℄ ∆ Ψ

Q = 12 −16.06 3.74 17.45 6.29× 10
−2

3.41× 10
−2

Q = 16 −17.67 3.78 17.56 3.23× 10−2 1.75× 10−2

Q = 20 −19.64 3.77 17.63 1.54× 10−2 8.38× 10−3

Q = 24 −21.87 3.80 17.63 6.85× 10−3 3.72× 10−3

Q = 28 −23.76 3.78 17.67 1.55× 10−3 8.42× 10−4

Q = 32 −25.01 3.80 17.66 0.00 0.00

Table III: K-means solution - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values.
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1.2.3 Taylor Pattern, N = 32, SLLref = −30 [dB℄, θ0 = −10 [deg℄

Target Solution
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Figure 13: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.
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Q = 12 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 14: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Q = 16 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 15: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 20 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 16: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Q = 24 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 17: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 28 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 18: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Pattern Features Resume

SLL [dB℄ HPBW [deg℄ Dmax [dB℄ ∆ Ψ

Q = 12 −17.31 3.98 17.21 6.59× 10
−2

3.23× 10
−2

Q = 16 −19.41 4.07 17.24 3.44× 10−2 1.69× 10−2

Q = 20 −21.53 4.04 17.34 1.81× 10−2 8.86× 10−3

Q = 24 −25.36 4.05 17.37 7.89× 10−3 3.87× 10−3

Q = 28 −27.96 4.04 17.41 2.01× 10−3 9.87× 10−4

Q = 32 −30.00 4.04 17.42 0.00 0.00

Table IV: K-means solution - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values.
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1.2.4 Taylor Pattern, N = 32, SLLref = −35 [dB℄, θ0 = −10 [deg℄

Target Solution
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Figure 19: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.
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Q = 12 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 20: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Q = 16 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 21: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 20 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 22: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Q = 24 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 23: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 28 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 24: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Pattern Features Resume

SLL [dB℄ HPBW [deg℄ Dmax [dB℄ ∆ Ψ

Q = 12 −16.09 4.26 16.87 6.84× 10
−2

3.10× 10
−2

Q = 16 −19.97 4.33 17.00 3.33× 10−2 1.50× 10−2

Q = 20 −25.06 4.34 17.05 1.62× 10−2 7.32× 10−3

Q = 24 −28.45 4.34 17.09 6.45× 10−3 2.92× 10−3

Q = 28 −32.83 4.30 17.14 1.52× 10−3 6.89× 10−4

Q = 32 −35.01 4.28 17.17 0.00 0.00

Table V: K-means solution - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values.
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1.2.5 Taylor Pattern, N = 32, SLLref = −40 [dB℄, θ0 = −10 [deg℄

Target Solution
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Figure 25: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.
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Q = 12 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 26: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Q = 16 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 27: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 20 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 28: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Q = 24 - Ex
itation Mat
hing (EM) K-means Solution

 0  0.25  0.5  0.75  1 0
o

30
o

60
o

90
o

120
o

150
o

180
o

210
o

240
o

270
o

300
o

330
o

Re[In]

Im[In]
q=1
q=2
q=3
q=4
q=5
q=6
q=7
q=8
q=9

q=10
q=11
q=12
q=13
q=14
q=15
q=16
q=17
q=18
q=19
q=20
q=21
q=22
q=23
q=24

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

N
o

rm
a

liz
e

d
 P

o
w

e
r 

P
a

tt
e

rn
 [

d
B

]

u = sin(θ)

(a) (b)

 0  2  4  6  8  10  12  14  16

x/λ

q=1
q=2
q=3

q=4
q=5
q=6

q=7
q=8
q=9

q=10
q=11
q=12

q=13
q=14
q=15

q=16
q=17
q=18

q=19
q=20
q=21

q=22
q=23
q=24

(
)

Figure 29: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 28 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 30: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Pattern Features Resume

SLL [dB℄ HPBW [deg℄ Dmax [dB℄ ∆ Ψ

Q = 12 −16.36 4.66 16.52 6.70× 10
−2

2.84× 10
−2

Q = 16 −20.10 4.52 16.80 3.27× 10−2 1.39× 10−2

Q = 20 −24.95 4.56 16.83 1.48× 10−2 6.28× 10−3

Q = 24 −29.72 4.54 16.88 5.06× 10−3 2.14× 10−3

Q = 28 −34.96 4.52 16.92 9.80× 10−4 4.15× 10−4

Q = 32 −39.97 4.49 16.95 0.00 0.00

Table VI: K-means solution - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values.
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1.2.6 Comparative Resume

Analysis vs. Q, θ0 = −5 [deg℄
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Figure 31: K-means solutions - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values as a fun
tion of the number of subarrays, Q.
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Analysis vs. Q, θ0 = −10 [deg℄
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Figure 32: K-means solutions - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values as a fun
tion of the number of subarrays, Q.
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Analysis vs. Q, θ0 = −15 [deg℄
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Figure 33: K-means solutions - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values as a fun
tion of the number of subarrays, Q.
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Analysis vs. SLLref , θ0 = −5 [deg℄
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Figure 34: K-means solutions - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values as a fun
tion of the target sidelobe level, SLLref .
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Analysis vs. SLLref , θ0 = −10 [deg℄
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Figure 35: K-means solutions - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values as a fun
tion of the target sidelobe level, SLLref .
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Analysis vs. SLLref , θ0 = −15 [deg℄
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Figure 36: K-means solutions - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values as a fun
tion of the target sidelobe level, SLLref .
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Out
omes:

• As expe
ted, the ex
itation mat
hing error Ψ and the pattern mat
hing error de
reases when the number

of subarray Q in
reases, whatever the sidelobe level of the referen
e pattern, SLLref ;

• Figure 32(a) shows that the redu
tion on the number of subarrays Q has an higher impa
t on the a
tual

sidelobe level 
orresponding to the 
ases with lower SLLref (e.g., it 
an be noti
ed that

∣

∣

∣
δSLL⌋

Q=32→24

SLLref=−40dB

∣

∣

∣
=

−10.25 [dB℄ is higher than

∣

∣

∣
δSLL⌋

Q=32→24

SLLref=−20dB

∣

∣

∣
= −0.96 [dB℄ when redu
ing the number of subarrays

from Q = 32 to Q = 24, 
onsidering SLLref = −40dB and SLLref = −20dB, respe
tively);

• Figure 32(b) shows that the half-power beamwidth does not 
hange signi�
antly with Q. For example,


onsidering the 
ase for SLLref = −30 [dB℄ su
h pattern feature only 
hanges from HPBW ⌋Q=32
= 4.04

[deg℄ to HPBW ⌋Q=16
= 4.08 [deg℄ when the number of 
ontrol points is halved (i.e., the number of

subarrays de
reases from Q = 32 to Q = 16). Similarly, Fig. 32(
) shows that the dire
tivity peak does

not 
hange signi�
antly with Q. For example, 
onsidering the same 
ase for SLLref = −30 [dB℄ su
h

pattern feature only 
hanges from Dmax⌋Q=32
= 17.42 [dB℄ to Dmax⌋Q=16

= 17.25 [dB℄ when the number

of 
ontrol points is halved (i.e., the number of subarrays de
reases from Q = 32 to Q = 16);

• Figure 35(
) shows that the pattern mat
hing error does not 
hange signi�
antly with SLLref , espe-


ially for Q > 12. For example, 
onsidering the 
ase for θ0 = −10 [deg℄ and with Q = 16, the pattern

mat
hing error only 
hanges from ∆⌋SLLref=−20dB = 3.02 × 10−2
to ∆⌋SLLref=−40dB = 3.27 × 10−2

despite a de
rease of 20 [dB℄ on the referen
e (i.e., from SLLref = −20 [dB℄ to SLLref = −40 [dB℄).

Similarly, the ex
itation mat
hing error does not 
hange signi�
antly with SLLref . For example, 
onsid-

ering the same 
ase the ex
itations mat
hing error only 
hanges from Ψ⌋SLLref=−20dB = 1.86× 10−2
to

Ψ⌋SLLref=−40dB = 1.39× 10−2
.
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1.3 Taylor Patterns - Analysis varying the Pointing Angle θ0

Obje
tive: In the previous Se
tion the performan
e of the K−means algorithm have been analyzed keeping a

desired beam pointing angle. Under su
h 
onditions the 
hanges of sidelobe level of the referen
e patterns only

lead to variations of the ex
itation amplitude [in the 
omplex plane (see for example Fig. 1), only the distan
es

of the points with respe
t to the origin are subje
t to variations while the angles are �xed℄. This Se
tion is

aimed at studying the performan
e of the algorithm when 
hanging the beam pointing angle of the patterns

and thus the phases of the referen
e ex
itations [the angle of the points in the 
omplex plane℄. The size of the

problem is kept �xed (number of elements: N = 32) as well as the tapering on the referen
e ex
itations (and

a

ordingly the sidelobe level of the referen
e pattern).

Array Parameters

• Number of elements: N = 32

• Number of subarrays: Q = 16

• Inter-element spa
ing: d = λ/2

• Taylor ex
itation amplitudes, SLLref = −30 [dB℄

• Pointing angle: θ0 =0,−2, −4, −6, −8, −10, −15, −20 [deg℄

K-means Clustering Method Parameters

• Number of iterations: I = 100

• Number of exe
utions: R = 100
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1.3.1 Taylor Pattern, N = 32, Q = 16, SLLref = −30 [dB℄
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Figure 37: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.

θ0 = 0 [deg℄ - Ex
itation Mat
hing (EM) K-means Solution

 0  0.25  0.5  0.75  1 0
o

30
o

60
o

90
o

120
o

150
o

180
o

210
o

240
o

270
o

300
o

330
o

Re[In]

Im[In]
q=1
q=2
q=3
q=4
q=5
q=6
q=7
q=8
q=9

q=10
q=11
q=12
q=13
q=14
q=15
q=16

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

N
o

rm
a

liz
e

d
 P

o
w

e
r 

P
a

tt
e

rn
 [

d
B

]

u = sin(θ)

(a) (b)

 0  2  4  6  8  10  12  14  16

x/λ

q=1
q=2
q=3

q=4
q=5
q=6

q=7
q=8
q=9

q=10
q=11
q=12

q=13
q=14
q=15

q=16

(
)

Figure 38: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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θ0 = −2 [deg℄ - Target Solution
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Figure 39: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.

θ0 = −2 [deg℄ - Ex
itation Mat
hing (EM) K-means Solution
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Figure 40: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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θ0 = −4 [deg℄ - Target Solution
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Figure 41: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.

θ0 = −4 [deg℄ - Ex
itation Mat
hing (EM) K-means Solution
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Figure 42: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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θ0 = −6 [deg℄ - Target Solution
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Figure 43: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.

θ0 = −6 [deg℄ - Ex
itation Mat
hing (EM) K-means Solution

 0  0.25  0.5  0.75  1 0
o

30
o

60
o

90
o

120
o

150
o

180
o

210
o

240
o

270
o

300
o

330
o

Re[In]

Im[In]
q=1
q=2
q=3
q=4
q=5
q=6
q=7
q=8
q=9

q=10
q=11
q=12
q=13
q=14
q=15
q=16

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

N
o

rm
a

liz
e

d
 P

o
w

e
r 

P
a

tt
e

rn
 [

d
B

]

u = sin(θ)

(a) (b)

 0  2  4  6  8  10  12  14  16

x/λ

q=1
q=2
q=3

q=4
q=5
q=6

q=7
q=8
q=9

q=10
q=11
q=12

q=13
q=14
q=15

q=16

(
)

Figure 44: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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θ0 = −8 [deg℄ - Target Solution
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Figure 45: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.

θ0 = −8 [deg℄ - Ex
itation Mat
hing (EM) K-means Solution
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Figure 46: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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θ0 = −10 [deg℄ - Target Solution
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Figure 47: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.

θ0 = −10 [deg℄ - Ex
itation Mat
hing (EM) K-means Solution
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Figure 48: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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θ0 = −15 [deg℄ - Target Solution
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Figure 49: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.

θ0 = −15 [deg℄ - Ex
itation Mat
hing (EM) K-means Solution
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Figure 50: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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θ0 = −20 [deg℄ - Target Solution
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Figure 51: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.

θ0 = −20 [deg℄ - Ex
itation Mat
hing (EM) K-means Solution
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Figure 52: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Pattern Features Resume

SLL [dB℄ HPBW [deg℄ Dmax [dB℄ ∆ Ψ

θ0 = 0 [deg℄ −30.20 3.98 17.42 0.0 0.0

θ0 = −2 [deg℄ −28.29 3.96 17.40 4.14× 10−3 2.03× 10−3

θ0 = −4 [deg℄ −25.01 3.97 17.38 1.08× 10−2 5.28× 10−3

θ0 = −6 [deg℄ −23.52 3.98 17.32 2.26× 10−2 1.11× 10−2

θ0 = −8 [deg℄ −22.98 3.96 17.33 2.77× 10−2 1.36× 10−2

θ0 = −10 [deg℄ −21.42 3.95 17.31 3.44× 10−2 1.69× 10−2

θ0 = −15 [deg℄ −22.58 4.01 17.38 2.91× 10−2 1.43× 10−2

θ0 = −20 [deg℄ −20.53 4.07 17.43 2.24× 10−2 1.10× 10−2

Table VII: K-means solution - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values.
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1.3.2 Comparative Resume

Analysis vs. Q
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Figure 53: K-means solutions - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values as a fun
tion of the number of subarrays, Q.
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Analysis vs. θ0
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Figure 54: K-means solutions - Sidelobe level, SLL, half-power beamwidth, HPBW , dire
tivity peak, Dmax,

pattern mat
hing error, ∆, and �tness, Ψ, values as a fun
tion of the number of subarrays, Q.
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Out
omes:

• As expe
ted, the ex
itation mat
hing error Ψ and the pattern mat
hing error de
reases when the number

of subarray Q in
reases, whatever the �xed pointing angle θ0;

• Figure 53(a) shows that the redu
tion on the number of subarrays Q has an higher impa
t on the a
tual

sidelobe level 
orresponding to the 
ases with higher |θ0| (e.g., it 
an be noti
ed that
∣

∣

∣
δSLL⌋

Q=32→24

θ0=−20deg =

∣

∣

∣
=7.99

[dB℄ is higher than

∣

∣

∣
δSLL⌋

Q=32→24

θ0=−2deg =

∣

∣

∣
=0.77 [dB℄ when redu
ing the number of subarrays from Q = 32

to Q = 24, 
onsidering θ0 = −20deg and θ0 = −2deg, respe
tively);

• Figure 53(b) shows that the half-power beamwidth does not 
hange signi�
antly with Q, whatever the

pointing angle θ0. For example, 
onsidering the 
ases with θ0 = −2 [deg℄ θ0 = −20 [deg℄, su
h pattern

feature only 
hanges from HPBW ⌋
θ0=−2deg

Q=32
= 3.98 [deg℄ to HPBW ⌋

θ0=−2deg

Q=16
= 3.97 [deg℄ and from

HPBW ⌋
θ0=−20deg

Q=32
= 4.23 [deg℄ to HPBW ⌋

θ0=−20deg

Q=16
= 4.22 [deg℄, respe
tively, when the number of


ontrol points is halved (i.e., the number of subarrays de
reases from Q = 32 to Q = 16). Similarly,

the dire
tivity peak does not 
hange signi�
antly with Q, whatever the pointing angle θ0. For exam-

ple, 
onsidering the 
ases with θ0 = −2 [deg℄ θ0 = −20 [deg℄, su
h pattern feature only 
hanges from

Dmax⌋
θ0=−2deg

Q=32
= 17.42 [dB℄ to Dmax⌋

θ0=−2deg

Q=16
= 17.41 [dB℄ and from Dmax⌋

θ0=−20deg

Q=32
= 17.42 [dB℄ to

Dmax⌋
θ0=−20deg

Q=16
= 17.34 [dB℄, respe
tively, when the number of 
ontrol points is halved;

• Figures 53(b) shows that the ex
itation mat
hing error almost linearly in
reases until θ0 = −10 [deg℄ and

than it starts to de
reases. Su
h behavior seems strange, but su
h �gure of merit essentially depends

on the �sparsi�
ation� of the ex
itations in the 
omplex plane (see for example Figs. 47(a) and 51(a),


orresponding to the 
ases with the 
ase with θ0 = −10 [deg℄ and with θ0 = −20 [deg℄, respe
tively for

a qualitative 
omparison. The average minimum distan
e between two ex
itations may be a useful

index for a quantitative 
omparison.
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1.4 Taylor Patterns - Analysis varying N

Obje
tive: In the previous Se
tions, the size of the problem has been kept �xed. This Se
tion is aimed at

studying the performan
e of the K − means algorithm when 
hanging the array size. A �xed ratio between

number of subarrays and total number of elements is 
onsidered, in order to deal with the same per
entage

redu
tion of the 
ontrol points. The beam pointing angle as well as the sidelobe level of the referen
e pattern

have been kept �xed.

Array Parameters

• Number of elements: N = 16, 32, 48, 64

• Number of subarrays: Q = N/2

• Inter-element spa
ing: d = λ/2

• Taylor ex
itation amplitudes, SLLref = −30 [dB℄

• Pointing angle: θ0 = −10 [deg℄

K-means Clustering Method Parameters

• Number of iterations: I = 100

• Number of exe
utions: R = 100
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1.4.1 Taylor Pattern, SLLref = −30 [dB℄, θ0 = −10 [deg℄: N = 16, 48, 64 - Q = N/2

N = 16 - Target Solution
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Figure 55: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.

N = 16 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 56: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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N = 48 - Target Solution
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Figure 57: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.

N = 48 - Ex
itation Mat
hing (EM) K-means Solution

 0  0.25  0.5  0.75  1 0
o

30
o

60
o

90
o

120
o

150
o

180
o

210
o

240
o

270
o

300
o

330
o

Re[In]

Im[In]
q=1
q=2
q=3
q=4
q=5
q=6
q=7
q=8
q=9

q=10
q=11
q=12
q=13
q=14
q=15
q=16
q=17
q=18
q=19
q=20
q=21
q=22
q=23
q=24

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

N
o
rm

a
liz

e
d
 P

o
w

e
r 

P
a
tt
e
rn

 [
d
B

]

u = sin(θ)

(a) (b)

 0  2  4  6  8  10  12  14  16  18  20  22  24

x/λ

q=1
q=2
q=3

q=4
q=5
q=6

q=7
q=8
q=9

q=10
q=11
q=12

q=13
q=14
q=15

q=16
q=17
q=18

q=19
q=20
q=21

q=22
q=23
q=24

(
)

Figure 58: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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N = 64 - Target Solution
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Figure 59: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.

N = 64 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 60: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Out
omes:

• The pattern mat
hing error and the ex
itation mat
hing error generally de
rease when the number of

elements in
reases, assuming to keep a �xed ratio Q/N = 0.5.
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1.5 Cose
ant-Squared Pattern - Analysis varying Q

Obje
tive: In the previous Se
tions, the performan
e of the K−means algorithm have been investigated only


onsidering Taylor patterns as referen
e ones. This Se
tion deals with a di�erent kind pattern (more pre
isely a


ose
ant-squared pattern), sele
ted from the published literature. An analysis varying the number of subarrays

will be 
arried out, keeping a �xed beam pointing angle as well as the array size.

Array Parameters

• Number of elements: N = 17

• Number of subarrays: Q = 6, 8, 9, 11, 15

• Inter-element spa
ing: d = λ/2

• Cose
ant-squared pattern, SLLref ≃ −30 [dB℄

• Pointing angle: θ0 =0 [deg℄

K-means Clustering Method Parameters

• Number of iterations: I = 100

• Number of exe
utions: R = 100
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1.5.1 Cose
ant-Squared Pattern, N = 17, SLLref ≃ −30 [dB℄, θ0 = 0 [deg℄: Q = 6, 8, 9, 11, 15
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Figure 61: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.
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Q = 6 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 62: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Q = 8 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 63: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 9 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 64: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Q = 11 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 65: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 15 - Ex
itation Mat
hing (EM) K-means Solution

 0  0.25  0.5  0.75  1 0
o

30
o

60
o

90
o

120
o

150
o

180
o

210
o

240
o

270
o

300
o

330
o

Re[In]

Im[In]
q=1
q=2
q=3
q=4
q=5
q=6
q=7
q=8
q=9

q=10
q=11
q=12
q=13
q=14
q=15

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

N
o

rm
a

liz
e

d
 P

o
w

e
r 

P
a

tt
e

rn
 [

d
B

]

u = sin(θ)

(a) (b)

 0  2  4  6  8

x/λ

q=1
q=2
q=3

q=4
q=5
q=6

q=7
q=8
q=9

q=10
q=11
q=12

q=13
q=14
q=15

(
)

Figure 66: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Pattern Features Resume

∆ Ψ

Q = 6 4.75× 10−2 2.20× 10−2

Q = 8 1.91× 10−2 8.85× 10−3

Q = 9 1.15× 10−2 5.32× 10−3

Q = 11 3.60× 10−3 1.67× 10−3

Q = 15 4.14× 10−4 1.92× 10−4

Table VIII: K-means solution - Pattern mat
hing error, ∆, and �tness, Ψ, values.

Out
omes:

• A good trade-o� solution is obtained for Q = 9. Despite the high redu
tion in terms of 
ontrol points (i.e.,

from Q = 17 to Q = 9, the redu
tion per
entage is 47.1%), the solution exhibits a good pattern mat
hing

error ∆ = 1.15×10−2
limiting the degradation of the performan
e in terms of sidelobe level, that in
rease

from SLL⌋Q=17
= −27.9 [dB℄ to SLL⌋Q=17

= −21.7 [dB℄.
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1.6 Flat-Top Pattern - Analysis varying Q

Obje
tive: Similarly to the test 
ase presented in the previous Se
tion, in this 
ase the performan
e of the

K −means algorithm are investigated 
onsidering a kind of pattern alternative to the pen
il beam, the �at-top

pattern. An analysis varying the number of subarrays will be 
arried out, keeping a �xed beam pointing angle

as well as the array size.

Array Parameters

• Number of elements: N = 32

• Number of subarrays: Q = 12, 16, 20, 28

• Inter-element spa
ing: d = λ/2

• Flat-top pattern, SLLref = −20 [dB℄

• Pointing angle: θ0 =0 [deg℄

K-means Clustering Method Parameters

• Number of iterations: I = 100

• Number of exe
utions: R = 100

56



1.6.1 Flat-top Pattern, N = 32, SLLref = −20 [dB℄, θ0 = 0 [deg℄: Q = 12, 16, 20, 28

Target Solution
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Figure 67: Target solution - (a) target ex
itations and (b) 
orresponding radiation pattern.

57



Q = 12 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 68: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Q = 16 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 69: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 20 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 70: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.
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Q = 28 - Ex
itation Mat
hing (EM) K-means Solution
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Figure 71: K-means solution - (a) Optimized ex
itations, (b) arising radiation pattern and (
) subarray 
on�g-

uration.

Pattern Features Resume

∆ Ψ

Q = 12 3.64× 10
−2

9.23× 10
−3

Q = 16 2.01× 10−2 5.09× 10−3

Q = 20 1.03× 10−2 2.62× 10−3

Q = 28 1.14× 10−3 2.88× 10−4

Table IX: K-means solution - Pattern mat
hing error, ∆, and �tness, Ψ, values.
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