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Legenda

EM : Ex
itation Mat
hing

BEM : Border Element Method

CPM : Contiguous Partition Method

SLL: Sidelobe Level

HPBW : Half-Power Beamwidth
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1 Mathemati
al Ba
kground

Let us 
onsider a linear array of N elements equally-spa
ed (d being the inter-element distan
e) along the x-axis.

The array elements are assumed to be grouped into into Q (Q < N) non-overlapping 
lusters as depi
ted in

Fig. 1, ea
h q-th (q = 1, ..., Q) one 
omposed by Nq elements (non ne
essarily physi
ally 
ontiguous) so that

Q
∑

q=1

Nq = N . Moreover, ea
h q-th (q = 1, ..., Q) subarray is equipped with an ampli�er and a phase shifter

providing an amplitude weight and a phase delay equal to αq and ϕq, respe
tively. The array fa
tor term


orresponding to su
h an array is given by

AF (θ) =

Q
∑

q=1

Iq

{

N
∑

n=1

δcnqe
j[k(n−1)d sin θ]

}

, (1)

in whi
h Iq = αqe
jϕq

is the 
omplex ex
itation, of the q-th subarray, cn ∈ c = {cn ∈ N0| 1 ≤ cn ≤ Q,n = 1, ..., N},

is an integer number identifying the membership of the n-th (n = 1, ..., N) array element to the q-th (q = 1, ..., Q)


luster, δcnq is the Krone
ker delta fun
tion equal to δcnq = 1 if cn = q and δcnq = 0 otherwise, and k = 2π
λ

is

the wavenumber, being λ the wavelength.

ϕ1 ϕq ϕQ

α1 αq αQ

∑

Figure 1: Sket
h of the array ar
hite
ture.
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2 Ex
itation Mat
hing Strategies

Sub-Array Synthesis Problem - Determine the optimal 
lustering of the array elements into Q

sub-arrays, c
opt

, exploiting an ex
itation mat
hing strategy, so that the following metri
 turns out

to be minimized

Ψ(c) =
1

N

N
∑

n=1

|vn − χn (c)|
2

(2)

in whi
h vn is the referen
e 
omplex ex
itation of the n-th element and

χn (c) =

∑Q

q=1

∑N

n=1 δcnqvn
∑Q

q=1

∑N
n=1 δcnq

, n = 1, ..., N. (3)

Two di�erent approa
hes will be proposed in the following to identify the best sub-array 
on�guration c
opt

: (i)

the K-means 
lustering method and (ii) a 
ustomized version of the Border Element Method (BEM ) proposed

that suitably adapted for amplitude and phase 
lustering.

2.1 K-means Method

For the standard K-means implementation the 
entroid, therefore is legitimate to refer to the 
entroid as the


luster mean.

• Step 0 - Initialization: De�nition of the initial 
lustering 
on�guration. In the proposed implementation,

the initial bary
enters (or 
entroids) of the Q 
lusters are randomly initialized: Iq = αejβ (q = 1, ..., Q

and i = 0, i being the iteration index) where α and β are randomly 
hosen within the ranges α ∈ [0 : 1]

and β ∈ [0, 2π], respe
tively;

• Step 1 - Assignment Step: In this step ea
h element ex
itation is assigned to a 
luster, the one whose

bary
enter (or 
entroid) has the minimum Eu
lidean distan
e from the referen
e ex
itation value. More

in detail, two sub-steps 
an be identi�ed:

- Step 1.a - Distan
e Computation: The Eu
lidean distan
e is 
omputed between ex
itation values and

the 
luster bary
enters:

dnq = ‖vn − Iq‖ n = 1, ..., N ; q = 1, ..., Q (4)

- Step 1.b - Assignment : The element ex
itations are assigned to the 
luster whose bary
enter has the

least Eu
lidean distan
e 
omputed in (4). The entries cn (n = 1, ..., N) of the sub-array 
on�guration

ve
tor, c
i
, at i-th iteration are thus de�ned as follows:

cn = q ⇔ ‖vn − Iq‖ ≤ ‖vn − Ij‖ , ∀j, 1 ≤ j ≤ Q (5)
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• Step 2 - Update Step: In this step the 
luster means, whi
h 
orrespond to the 
lusters bary
enters, are

updated 
onsidering the elements belonging to ea
h 
luster:

Iq =

N
∑

n=1

δcnqvn

N
∑

n=1

δcnq

, (6)

• Step 3 - Stopping Criteria: On
e initialized the algorithm will iterate trough the assignment step

and the update step until it rea
hes 
onvergen
e or ex
eeded the maximum number of iterations. The


onvergen
e is rea
hed when the 
luster members no longer 
hanges, i.e. the 
ase in whi
h the assignment

step does not provide any movement of the data points from one 
luster to another.

2.2 Border Element Method

while the optimal values of the sub-array 
oe�
ients I
opt =

{

Ioptq

∣

∣ q = 1, ..., Q
}

are 
omputed analyti
ally. More

in detail,

The algorithm works as follows:

• Step 1 - Initialization - De�ne the list L = {ℓn; n = 1, ..., N} of theN 
omplex-valued entries ℓn = ξne
jγn

ordered in in
reasing order 
onsidering the magnitude (namely, ξ1 = minn {ξn} and ξN = maxn {ξn}).

Moreover, for elements having the same magnitude, the entries are ordered 
onsidering an in
reasing order

also in terms of phase (namely, γ1 = minm, ξm=ξ1 {arg 〈ℓm〉} and γ1 = maxm, ξm=ξN {arg 〈ℓm〉}). Set the

initial (i = 0, i being the iteration index) sub-array 
on�guration, c
i
, by randomly sele
ting Q − 1 
ut

points of the list L among the N − 1 admissible ones (Q− 1 < N − 1) and go to Step 2;

• Step 2 - Sub-Array Coe�
ients Synthesis - For the i-th trial sub-array 
on�guration, c
i
, 
ompute

the optimal sub-array ex
itations (q = 1, ..., Q)

Iq =

N
∑

n=1

δcnqvn

N
∑

n=1

δcnq

, (7)

whi
h represent the arithmeti
 mean of the 
omplex ex
itations of the array elements belonging to the

same q-th 
luster;

• Step 3 - Complex Ex
itation-Mat
hing Evaluation - Compute the ex
itation-mat
hing value (2)

in 
orresponden
e with c
i
and I

i
: Ψi = Ψ

(

c
i, Ii

)

. Compare Ψi
with the best value found so far,

Ψi−1
opt = minh=1,...,i−1

{

Ψh
}

. If Ψi < Ψi−1
opt , then set Ψopt = Ψi

and update the 
urrent (i.e., i-th) best

sub-array 
on�guration and phase ve
tor: copt ← c
i
and Iopt ← I

i
;
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• Step 4 - Convergen
e Che
k - Stop the External Iterative loop if the maximum number of iterations

Tmax has been rea
hed (i ≥ Tmax) or the stationary 
ondition

∣

∣

∣
TstatΨ

i−1
opt −

∑Tstat+1
h=2 Ψi−h

opt

∣

∣

∣

Ψi
opt

≤ η (8)

holds true, Tstat and η being a user-de�ned number of iterations and a numeri
al threshold, respe
tively;

• Step 5 - Sub-Array Con�guration Update - Update the iteration index (i← i+ 1) and de�ne a new

sub-array aggregation ci by 
hanging the position of - at least - one of the Q − 1 
ut points of the list L

that de�ne the previous 
lustering 
on�guration, ci−1, a

ording to the BEM algorithm, then go to Step

2.
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3 Figure of Merit

Starting from the de�nition of the power pattern expressed as a fun
tion of the dire
tion 
osine angular variable

u = sin θ,

PP (u) =

∣

∣

∣

∣

∣

Q
∑

q=1

Iq

{

N
∑

n=1

δcnqe
j[k(n−1)u]

}
∣

∣

∣

∣

∣

2

(9)

the following �gure of merit have been sele
ted to suitably evaluate the performan
e of the array synthesis

method:

• Sidelobe Level, SLL: expressed in [dB℄, the di�eren
e between the main beam peak value and the

maximum sidelobe peak value [

(maxu (u/∈Ω) PP (u))
PP (u0)

, being Ω the angular region of the main beam and

u0 = sin θ0 the dire
tion of maximum radiation℄;

• Maximum dire
tivity: de�ned as the following ratio

Dmax =
4π |PP (u0)|

2

P
, (10)

being P the total power radiated by the array P =
∫ 2π

0

∫ π

0 |AF (θ)|
2
dθdφ. Su
h parameter is usually

expressed in [dB℄ as Dmax⌋dB = 10 log10 Dmax.

• Half Power Beamwidth, HPBW : expressed in degrees [deg℄, angle between the two dire
tions in whi
h

the radiation intensity is one-half of the main beam, measured in a plane 
ontaining the dire
tion of the

main.

• Ex
itation Mat
hing, expressed as

Ψ(c) =
1

N

N
∑

n=1

|vn − χn (c)|
2

(11)

in whi
h vn is the referen
e 
omplex ex
itation of the n-th element and χn (c) is de�ned in (3) and c is

the ve
tor of the subarray aggregations;

• Pattern Mat
hing Error, expressed as

∆ =

∑K

k=1 {PP (uk)− PPref (uk)}
∑K

k=1 {PPref (uk)}
(12)

where PPref (u) is the referen
e power pattern, k = 1, ...,K being K the number of samples.
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More information on the topi
s of this do
ument 
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