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1 Numeri
al Results

1.1 OTM - Integer - Hexagon (10,10,10) - Mask Mat
hing - Steering (θ, φ) =

(30, 0) [deg] - Markov Init. NI = 542

Array Geometry

Con
lusion

The solution with OTM-GA [Se
. [se
: OTM sw update - 
ase 20℄℄ is a good 
hoi
e respe
t to ETM for the

same array ar
hite
ture; be
ause it is possible to obtain good results with less 
omputational e�ort. The lo
al

minimum obtained on the �tness is worst than OTM-GA binary [Se
. [se
: OTM sw update - 
ase 13℄℄, but it

is best than OTM-GA integer [Se
. [se
: OTM sw update - 
ase 16℄℄ with random population and OTM-GA

integer [Se
. [se
: OTM sw update - 
ase 18℄℄ with population generated with Hidden Markov Model with

population dimension of 272 individuals. In this test 
ase there isn't 
onvergen
e on the solution spa
e on the

�tness minimum. A possible solution to improve the results is to generate a new initial population by in
reasing

the number of �ips \left(N_{�ips}\right) .
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Figure 1: Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 = 0.5λ, N tot
c = 800, N tot

p = 441, N
(bound)
p =

61, a = 10, b = 10, c = 10 − Array Geometry

Referen
e Array, Convex Programming Ex
itations

Test 
ase parameters

• Number of array elements - Ntot = 

• Element spa
ing along x - dx = 0.22λ

• Element spa
ing along y1 - dy1 = 0.25λ

• Element spa
ing along y2 - dy2 = 0.5λ

• Pointing Dire
tion - θ0 = 30◦

• Pointing Dire
tion - φ0 = 0◦

• Pointing Dire
tion - u0 = 0.5
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• Pointing Dire
tion - v0 = 0

• A side length - a = 10

• B side length - b = 10

• C side length - c = 10

4



Mask Constraints

The following mask (Fig.2) is used to 
al
ulate the �tness fun
tion.

-60

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1
P

ow
er

 P
at

te
rn

 [d
B

]

u=sin(θ)cos(φ)

Steering Angle (θs, φs) = (0,0) [deg]

Power Mask

-60

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

P
ow

er
 P

at
te

rn
 [d

B
]

v=sin(θ)sin(φ)

Steering Angle (θs, φs) = (0,0) [deg]

Power Mask

(a) (b) (
)

Figure 2: Mask Power Pattern in broadside dire
tion (θ, φ) = (30, 0) [deg]: (a) 2D, (b) Normalized 
ut along

azimuth dire
tion, (
) Normalized 
ut along elevation dire
tion.

Array Tiling

Software Parameters

• Number of array elements - Ntot = 

• Element spa
ing along x - dx = 0.22λ

• Element spa
ing along y1 - dy1 = 0.25λ

• Element spa
ing along y2 - dy2 = 0.5λ

• Side's domain - Ld = 20λ

• Points number - N tot
p = 441

• Points along x - Mp = 21

• Points along y - Np = 21

• Total 
ells number - N tot
c = 800

• Cells along x - Mc = 40

• Cells along y - Nc = 20

• Boundary points - N
(bound)
p = 61

• Samples along u - Nu = 256

• Samples along v - Nv = 256

• SLL weight - wSLL = 0.0

• Dire
tivity weight - wD = 0
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• HPBW weight azimuth - wazm
HPBW = 0.0

• HPBW weight elevation - welv
HPBW = 0.0

• Mask weight - wmask = 1.0

• Cell elements - Nel = 1

• Pointing Dire
tion - θ0 = 30◦

• Pointing Dire
tion - φ0 = 0◦

• Pointing Dire
tion - u0 = 0.5

• Pointing Dire
tion - v0 = 0

• A side length - a = 10

• B side length - b = 10

• C side length - c = 10

• A side length in λ - La = 4.33λ

• B side length in λ- Lb = 4.33λ

• C side length in λ- Lc = 4.33λ

• Tiling 
on�gurations - T = 9.27× 1033

• Number of unknows - Nu = 271

• Maximum of word max - Umax = 10

• Number of trials (seed) - Nseed = 105

• Number of individuals - NI = 542

• Number of �ips - Nflips = 500

• Cross-Over probability - pcx = 0.9

• Mutation probability - pm = 0.001
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Results
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Figure 3: Fitness for 10 best seeds

GA Seed SLL [dB℄ HPBW (az) [deg℄ HPBW (el) [deg℄ D [dB℄ Fitness Value

1 0.551 −33.669 8.996 8.928 26.774 1.587× 10−5

2 0.326 −33.675 8.996 8.928 26.773 1.636× 10−5

3 0.35 −33.675 8.996 8.928 26.773 1.636× 10−5

4 0.051 −33.739 8.997 8.929 26.773 1.667× 10−5

5 0.073 −33.739 8.997 8.929 26.773 1.667× 10−5

6 0.0 −33.739 8.997 8.929 26.773 1.667× 10−5

7 0.157 −33.739 8.997 8.929 26.773 1.667× 10−5

8 0.15 −33.739 8.997 8.929 26.773 1.667× 10−5

9 0.259 −33.739 8.997 8.929 26.773 1.667× 10−5

10 0.284 −33.739 8.997 8.929 26.773 1.667× 10−5

Table 3: Solution Parameters of Radiation Pattern along (θ0, φ0) = (30, 0) [deg]

Fig. 3rappresents the �tness value for 10 best seeds.

I analyzed the solution (seed) that permits to rea
h the minimum �tness value. The �tness analized 
orresponds

to seed = {0.551}
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Broadside Analysis

Tiling Amplitudes Phases
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Figure 4: Mask Matching, SLL = −34.79 [dB], Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 =
0.5λ, a = 10, b = 10, c = 10, (θ0, φ0) = (0, 0) [deg] − Solution ID.: Referen
e, Seed 0.551

Amplitudes Pattern φ = 0 [deg] Pattern φ = 90 [deg]
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Figure 5: Mask Matching, SLL = −34.79 [dB], Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 =
0.5λ, a = 10, b = 10, c = 10, (θ0, φ0) = (0, 0) [deg] − Solution ID.: Referen
e, Seed 0.551
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Steering Analysis

Amplitudes Pattern (θ, φ) = (30, 0) [deg] Phases

R
e
fe
r
e
n
c
e

-60

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

N
or

m
al

iz
ed

 P
ow

er
 P

at
te

rn
 [d

B
]

u=sin(θ)cos(φ)

φ = 0 [deg]

Power Pattern

Power Mask

-4.5 -3 -1.5  0  1.5  3  4.5

x/λ

-4

-2

 0

 2

 4

y/
λ

-π

-π/2

 0

π/2

π

E
xc

ita
tio

n 
P

ha
se

 [d
eg

]

S
e
e
d
:
0
.5
5
1

-60

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

N
or

m
al

iz
ed

 P
at

te
rn

 [d
B

]

u=sin(θ)cos(φ)

φ = 0 [deg]

Tiled

Reference

Power Mask

-4 -2  0  2  4

x/λ

-4

-3

-2

-1

 0

 1

 2

 3

 4

y/
λ

-π

-π/2

 0

π/2

π

E
xc

ita
tio

n 
P

ha
se

 [d
eg

]

Figure 6: Mask Matching, SLL = −34.79 [dB], Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 =
0.5λ, a = 10, b = 10, c = 10, (θ0, φ0) = (30, 0) [deg] − Solution ID.: Referen
e, Seed 0.551

Solutions Summary

(a, b, 
) MAX_ITE (# iterations) △τ [sec] (single simulation period) τ [sec] total simulation period

10, 10, 10 1000 0.108660 108.660

Table 7: Simulation Time

SOLUTION ID SLL [dB℄ HPBW (azimuth) [deg℄ HPBW (elevation) [deg℄ D [dB℄ Mask Fitting

Referen
e −34.788 10.415 8.914 26.132 0
Seed 0.551 −33.669 8.996 8.928 26.774 1.587× 10−5

Table 8: SLL, HPBWaz, HPBWel, D, Mask F itting of Radiation Pattern along (θ0, φ0) = (30, 0) [deg]
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1.2 OTM - Binary vs. Integer - Hexagon (10,10,10) - Mask Mat
hing - Broadside

- dy2 = 0.5λ

Array Geometry
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Figure 7: Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 = 0.5λ, N tot
c = 800, N tot

p = 441, N
(bound)
p =

61, a = 10, b = 10, c = 10 − Array Geometry

Referen
e Array, Convex Programming Ex
itations

Test 
ase parameters

• Number of array elements - Ntot = 

• Element spa
ing along x - dx = 0.22λ

• Element spa
ing along y1 - dy1 = 0.25λ

• Element spa
ing along y2 - dy2 = 0.5λ

• Pointing Dire
tion - θ0 = 0◦

• Pointing Dire
tion - φ0 = 0◦

• Pointing Dire
tion - u0 = 0

• Pointing Dire
tion - v0 = 0

• A side length - a = 10

• B side length - b = 10

• C side length - c = 10
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Mask Constraints
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Figure 8: Mask Power Pattern in broadside dire
tion (θ, φ) = (0, 0) [deg]: (a) 2D, (b) Normalized 
ut along

azimuth dire
tion, (
) Normalized 
ut along elevation dire
tion.

Array Tiling

Software Parameters

• Number of array elements - Ntot = 

• Element spa
ing along x - dx = 0.22λ

• Element spa
ing along y1 - dy1 = 0.25λ

• Element spa
ing along y2 - dy2 = 0.5λ

• Side's domain - Ld = 20λ

• Points number - N tot
p = 441

• Points along x - Mp = 21

• Points along y - Np = 21

• Total 
ells number - N tot
c = 800

• Cells along x - Mc = 40

• Cells along y - Nc = 20

• Boundary points - N
(bound)
p = 61

• Samples along u - Nu = 256

• Samples along v - Nv = 256

• SLL weight - wSLL = 0.0

• Dire
tivity weight - wD = 0
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• HPBW weight azimuth - wazm
HPBW = 0.0

• HPBW weight elevation - welv
HPBW = 0.0

• Mask weight - wmask = 1.0

• Cell elements - Nel = 1

• Pointing Dire
tion - θ0 = 0◦

• Pointing Dire
tion - φ0 = 0◦

• Pointing Dire
tion - u0 = 0

• Pointing Dire
tion - v0 = 0

• A side length - a = 10

• B side length - b = 10

• C side length - c = 10

• A side length in λ - La = 4.33λ

• B side length in λ- Lb = 4.33λ

• C side length in λ- Lc = 4.33λ

• Tiling 
on�gurations - T = 9.27× 1033

• Number of unknows - Nu = 1084

• Maximum of word max - Umax = 10

• Number of trials (seed) - Nseed = 99

• Cross-Over probability - pcx = 0.9

• Mutation probability - pm = 0.001
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Results
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Figure 9: Best 10 �tness for binary and integer 
oding for the same initial population

The meaning of labels in Fig.9 is stated in Tab.11.

Label Coding Population Type NI Nflips

Bin− 1 Binary Analytical 272 /
Bin− 2 Binary Markov 272 200
Bin− 3 Binary Markov 542 500
Bin− 4 Binary Markov 272 1× 105

Bin− 5 Binary Markov 542 1× 105

Int− 1 Integer Analytical 272 /
Int− 2 Integer Markov 272 200
Int− 3 Integer Markov 542 500
Int− 4 Integer Markov 272 1× 105

Int− 5 Integer Markov 542 1× 105

Table 11: Legend of label in Fig.9.

Label Minimum Maximum Average Varian
e

Bin− 1 4.935× 10−6 5.518× 10−6 5.365× 10−6 1.179× 10−14

Bin− 2 4.619× 10−6 5.201× 10−6 5.015× 10−6 9.156× 10−15

Bin− 3 4.444× 10−6 5.042× 10−6 4.703× 10−6 2.433× 10−14

Bin− 4 4.505× 10−6 5.044× 10−6 4.775× 10−6 1.019× 10−14

Bin− 5 4.532× 10−6 4.971× 10−6 4.699× 10−6 8.307× 10−15

Int− 1 5.208× 10−6 5.519× 10−6 5.383× 10−6 7.680× 10−15

Int− 2 4.562× 10−6 5.215× 10−6 5.048× 10−6 1.211× 10−14

Int− 3 4.444× 10−6 5.118× 10−6 4.803× 10−6 2.946× 10−14

Int− 4 4.468× 10−6 5.122× 10−6 4.727× 10−6 2.585× 10−14

Int− 5 4.438× 10−6 5.123× 10−6 4.680× 10−6 2.483× 10−14

Table 12: Statisti
s of all �tness in Fig.9

Fig. 9 rappresents the best �tness value for binary and integer 
ase for 5 di�erent initial populations.

I analyzed the solution that permits to rea
h the minimum �tness value, asso
iated with the minimum average

value. The �tness to analize is Int− 5.
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The parameters for this test 
ase are:

• Number of individuals - NI = 542

• Number of �ips - Nflips = 1× 105

• Coding Type - Integer
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Figure 10: Fitness for 10 best seeds

GA Seed SLL [dB℄ HPBW (az) [deg℄ HPBW (el) [deg℄ D [dB℄ Fitness Value

1 0.284 −33.714 8.997 8.928 26.773 4.438× 10−6

2 0.95 −33.714 8.997 8.928 26.773 4.438× 10−6

3 0.225 −33.684 8.997 8.928 26.773 4.47× 10−6

4 0.936 −33.684 8.997 8.928 26.773 4.47× 10−6

5 0.514 −33.646 8.997 8.927 26.773 4.514× 10−6

6 0.903 −33.649 8.997 8.927 26.773 4.539× 10−6

7 0.445 −33.674 8.997 8.928 26.773 4.548× 10−6

8 0.126 −33.572 8.996 8.927 26.774 4.549× 10−6

9 0.15 −33.572 8.996 8.927 26.774 4.549× 10−6

10 0.188 −33.572 8.996 8.927 26.774 4.549× 10−6

Table 14: Solution Parameters of Radiation Pattern along (θ0, φ0) = (0, 0) [deg]

Fig.10 rappresents the �tness value for 10 best seeds.

I analyzed the solution (seed) that permits to rea
h the minimum �tness value. The solutions analized 
orre-

sponds to seed = {0.284, 0.95}.
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Best Individuals
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Figure 11: Best individuals of initial population: (a) Individual nr. 7, (b) Individual nr. 26, (
) Individual nr.

55, (d) Individual nr. 145, (e) Individual nr. 185, (f) Individual nr. 292.
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Broadside Analysis

Tiling Amplitudes Phases
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Figure 12: Mask Matching, SLL = −34.79 [dB], Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 =
0.5λ, a = 10, b = 10, c = 10, (θ0, φ0) = (0, 0) [deg] − Solution ID.: Referen
e, Seed 0.284, Seed 0.95

The best solutions have the same tiling 
on�guration, so the radiation properties are the same, so I analyze

only the solutions with seed = {0.284}.
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Figure 13: Mask Matching, SLL = −34.79 [dB], Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 =
0.5λ, a = 10, b = 10, c = 10, (θ0, φ0) = (0, 0) [deg] − Solution ID.: Referen
e, Seed 0.284

Steering Analysis

Amplitudes Pattern (θ, φ)= (90, 0) [deg] Phases
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Figure 14: Mask Matching, SLL = −34.79 [dB], Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 =
0.5λ, a = 10, b = 10, c = 10, (θ0, φ0) = (90, 0) [deg] − Solution ID.: Referen
e, Seed 0.284
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Amplitudes Pattern (θ, φ) = (90, 30) [deg] Phases
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Figure 15: Mask Matching, SLL = −34.79 [dB], Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 =
0.5λ, a = 10, b = 10, c = 10, (θ0, φ0) = (90, 30) [deg] − Solution ID.: Referen
e, Seed 0.284

Amplitudes Pattern (θ, φ) = (90, 37) [deg] Phases
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Figure 16: Mask Matching, SLL = −34.79 [dB], Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 =
0.5λ, a = 10, b = 10, c = 10, (θ0, φ0) = (90, 37) [deg] − Solution ID.: Referen
e, Seed 0.284
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Amplitudes Pattern (θ, φ) = (90, 45) [deg] Phases
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Figure 17: Mask Matching, SLL = −34.79 [dB], Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 =
0.5λ, a = 10, b = 10, c = 10, (θ0, φ0) = (90, 45) [deg] − Solution ID.: Referen
e, Seed 0.284
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R
e
fe
r
e
n
c
e

-60

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

N
or

m
al

iz
ed

 P
ow

er
 P

at
te

rn
 [d

B
]

v=sin(θ)sin(φ)

φ = 90 [deg]

Power Pattern

-4 -2  0  2  4

x/λ

-4

-3

-2

-1

 0

 1

 2

 3

 4

y/
λ

-π

-π/2

 0

π/2

π

E
xc

ita
tio

n 
P

ha
se

 [d
eg

]

S
e
e
d
:
0
.2
8
4

-60

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

N
or

m
al

iz
ed

 P
at

te
rn

 [d
B

]

v=sin(θ)sin(φ)

φ = 90 [deg]

Tiled

Reference

-4 -2  0  2  4

x/λ

-4

-3

-2

-1

 0

 1

 2

 3

 4

y/
λ

-π

-π/2

 0

π/2

π
E

xc
ita

tio
n 

P
ha

se
 [d

eg
]

Figure 18: Mask Matching, SLL = −34.79 [dB], Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 =
0.5λ, a = 10, b = 10, c = 10, (θ0, φ0) = (90, 90) [deg] − Solution ID.: Referen
e, Seed 0.284
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Solutions Summary

(a, b, 
) MAX_ITE (# iterations) △τ [sec] (single simulation period) τ [sec] total simulation period

10, 10, 10 1000 0.191937 191.937

Table 23: Simulation Time

SOLUTION ID SLL [dB℄ HPBW (azimuth) [deg℄ HPBW (elevation) [deg℄ D [dB℄ Mask Fitting

Referen
e −34.788 9.003 8.914 26.791 0
Seed 0.284 −33.714 8.997 8.928 26.773 4.438× 10−6

Seed 0.95 −33.714 8.997 8.928 26.773 4.438× 10−6

Table 24: SLL, HPBWaz , HPBWel, D, Mask F itting of Radiation Pattern along (θ0, φ0) = (0, 0) [deg]

Con
lusion

The best solution with OTM-GA 
orresponds to the solution with the best average performan
e between all

the solutions generated, �best� means the solution with minimum average �tness value. In this test 
ase the

best solution 
orresponds to OTM-GA integer with population generated with Hidden Markov Model with the

following features:

• Number of individuals - NI = 542

• Number of �ips - Nflips = 1× 105
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1.3 OTM - Binary vs. Integer - Hexagon (10,10,10) - Mask Mat
hing - Steering

(θ, φ) = (30, 0) [deg] - dy2 = 0.5λ

Array Geometry
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Figure 19: Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 = 0.5λ, N tot
c = 800, N tot

p = 441, N
(bound)
p =

61, a = 10, b = 10, c = 10 − Array Geometry

Referen
e Array, Convex Programming Ex
itations

Test 
ase parameters

• Number of array elements - Ntot = 

• Element spa
ing along x - dx = 0.22λ

• Element spa
ing along y1 - dy1 = 0.25λ

• Element spa
ing along y2 - dy2 = 0.5λ

• Pointing Dire
tion - θ0 = 30◦

• Pointing Dire
tion - φ0 = 0◦

• Pointing Dire
tion - u0 = 0.5

• Pointing Dire
tion - v0 = 0

• A side length - a = 10

• B side length - b = 10

• C side length - c = 10
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Mask Constraints
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Figure 20: Mask Power Pattern in broadside dire
tion (θ, φ) = (30, 0) [deg]: (a) 2D, (b) Normalized 
ut along

azimuth dire
tion, (
) Normalized 
ut along elevation dire
tion.

Array Tiling

Software Parameters

• Number of array elements - Ntot = 

• Element spa
ing along x - dx = 0.22λ

• Element spa
ing along y1 - dy1 = 0.25λ

• Element spa
ing along y2 - dy2 = 0.5λ

• Side's domain - Ld = 20λ

• Points number - N tot
p = 441

• Points along x - Mp = 21

• Points along y - Np = 21

• Total 
ells number - N tot
c = 800

• Cells along x - Mc = 40

• Cells along y - Nc = 20

• Boundary points - N
(bound)
p = 61

• Samples along u - Nu = 256

• Samples along v - Nv = 256

• SLL weight - wSLL = 0.0

• Dire
tivity weight - wD = 0
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• HPBW weight azimuth - wazm
HPBW = 0.0

• HPBW weight elevation - welv
HPBW = 0.0

• Mask weight - wmask = 1.0

• Cell elements - Nel = 1

• Pointing Dire
tion - θ0 = 30◦

• Pointing Dire
tion - φ0 = 0◦

• Pointing Dire
tion - u0 = 0.5

• Pointing Dire
tion - v0 = 0

• A side length - a = 10

• B side length - b = 10

• C side length - c = 10

• A side length in λ - La = 4.33λ

• B side length in λ- Lb = 4.33λ

• C side length in λ- Lc = 4.33λ

• Tiling 
on�gurations - T = 9.27× 1033

• Number of unknows - Nu = 1084

• Maximum of word max - Umax = 10

• Number of trials (seed) - Nseed = 99

• Cross-Over probability - pcx = 0.9

• Mutation probability - pm = 0.001
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Results
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Figure 21: Best 10 �tness for binary and integer 
oding for the same initial population

The meaning of labels in Fig.21 is stated in Tab.11.

Label Minimum Maximum Average Varian
e

Bin− 1 1.559× 10−5 2.047× 10−5 1.833× 10−5 2.367× 10−12

Bin− 2 1.636× 10−5 1.809× 10−5 1.684× 10−5 4.976× 10−14

Bin− 3 1.604× 10−5 1.807× 10−5 1.687× 10−5 2.445× 10−13

Bin− 4 1.666× 10−5 1.866× 10−5 1.762× 10−5 3.198× 10−13

Bin− 5 1.594× 10−5 1.808× 10−5 1.705× 10−5 2.480× 10−13

Int− 1 1.589× 10−5 2.047× 10−5 1.934× 10−5 1.476× 10−12

Int− 2 1.667× 10−5 1.816× 10−5 1.691× 10−5 4.775× 10−14

Int− 3 1.587× 10−5 1.809× 10−5 1.731× 10−5 3.261× 10−13

Int− 4 1.666× 10−5 1.832× 10−5 1.751× 10−5 4.669× 10−13

Int− 5 1.603× 10−5 1.808× 10−5 1.696× 10−5 3.680× 10−13

Table 27: Statisti
s of all �tness in Fig.22

Fig. 21 rappresents the best �tness value for binary and integer 
ase for 5 di�erent initial populations.

I analyzed the solution that permits to rea
h the minimum �tness value, asso
iated with the minimum average

value. The �tness to analize is Bin− 2.

The parameters for this test 
ase are:

• Number of individuals - NI = 272

• Number of �ips - Nflips = 200

• Coding Type - Binary
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Figure 22: Fitness for 10 best seeds

GA Seed SLL [dB℄ HPBW (az) [deg℄ HPBW (el) [deg℄ D [dB℄ Fitness Value

1 0.199 −33.675 8.996 8.928 26.773 1.636× 10−5

2 0.551 −33.675 8.996 8.928 26.773 1.636× 10−5

3 0.559 −33.675 8.996 8.928 26.773 1.636× 10−5

4 0.682 −33.675 8.996 8.928 26.773 1.636× 10−5

5 0.846 −33.675 8.996 8.928 26.773 1.636× 10−5

6 0.9 −33.675 8.996 8.928 26.773 1.636× 10−5

7 0.75 −33.674 8.996 8.928 26.774 1.641× 10−5

8 0.05 −33.739 8.997 8.929 26.773 1.667× 10−5

9 0.067 −33.739 8.997 8.929 26.773 1.667× 10−5

10 0.087 −33.739 8.997 8.929 26.773 1.667× 10−5

Table 29: Solution Parameters of Radiation Pattern along (θ0, φ0) = (0, 0) [deg]

Fig.22 rappresents the �tness value for 10 best seeds.

I analyzed the solution (seed) that permits to rea
h the minimum �tness value. The solutions analized 
orre-

sponds to seed = {0.199}.
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Broadside Analysis

Tiling Amplitudes Phases
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Figure 23: Mask Matching, SLL = −34.79 [dB], Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 =
0.5λ, a = 10, b = 10, c = 10, (θ0, φ0) = (0, 0) [deg] − Solution ID.: Referen
e, Seed 0.199

Amplitudes Pattern φ = 0 [deg] Pattern φ = 90 [deg]
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Figure 24: Mask Matching, SLL = −34.79 [dB], Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 =
0.5λ, a = 10, b = 10, c = 10, (θ0, φ0) = (0, 0) [deg] − Solution ID.: Referen
e, Seed 0.199
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Steering Analysis

Amplitudes Pattern (θ, φ) = (30, 0) [deg] Phases
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Figure 25: Mask Matching, SLL = −34.79 [dB], Ntot = 600, Ld = 20λ, dx = 0.22λ, dy1 = 0.25λ, dy2 =
0.5λ, a = 10, b = 10, c = 10, (θ0, φ0) = (30, 0) [deg] − Solution ID.: Referen
e, Seed 0.199

Solutions Summary

(a, b, 
) MAX_ITE (# iterations) △τ [sec] (single simulation period) τ [sec] total simulation period

10, 10, 10 1000 0.173497 173.497

Table 33: Simulation Time

SOLUTION ID SLL [dB℄ HPBW (azimuth) [deg℄ HPBW (elevation) [deg℄ D [dB℄ Mask Fitting

Referen
e −34.788 9.003 8.914 26.791 0
Seed 0.199 −33.675 8.996 8.928 26.773 1.636× 10−5

Table 34: SLL, HPBWaz , HPBWel, D, Mask F itting of Radiation Pattern along (θ0, φ0) = (0, 0) [deg]

Con
lusion

The best solution with OTM-GA 
orresponds to the solution with the best average performan
e between all

the solutions generated, �best� means the solution with minimum average �tness value. In this test 
ase the

best solution 
orresponds to OTM-GA binary with population generated with Hidden Markov Model with the

following features:

• Number of individuals - NI = 272

• Number of �ips - Nflips = 200
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1.4 OTM - Integer - Hexagon (10,10,10) - Mask Mat
hing - Broadside - dy2 = 0.69λ

Array Geometry
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Figure 26: Ntot = 600, Ld = 20λ, dx = 0.3λ, dy1 = 0.35λ, dy2 = 0.69λ, N tot
c = 800, N tot

p = 441, N
(bound)
p =

61, a = 10, b = 10, c = 10 − Array Geometry

Referen
e Array, Convex Programming Ex
itations

Test 
ase parameters

• Number of array elements - Ntot = 

• Element spa
ing along x - dx = 0.3λ

• Element spa
ing along y1 - dy1 = 0.35λ

• Element spa
ing along y2 - dy2 = 0.69λ

• Pointing Dire
tion - θ0 = 0◦

• Pointing Dire
tion - φ0 = 0◦

• Pointing Dire
tion - u0 = 0

• Pointing Dire
tion - v0 = 0

• A side length - a = 10

• B side length - b = 10

• C side length - c = 10
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Mask Constraints
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Figure 27: Mask Power Pattern in broadside dire
tion (θ, φ) = (0, 0) [deg]: (a) 2D, (b) Normalized 
ut along

azimuth dire
tion, (
) Normalized 
ut along elevation dire
tion.

Array Tiling

Software Parameters

• Number of array elements - Ntot = 

• Element spa
ing along x - dx = 0.3λ

• Element spa
ing along y1 - dy1 = 0.35λ

• Element spa
ing along y2 - dy2 = 0.69λ

• Side's domain - Ld = 20λ

• Points number - N tot
p = 441

• Points along x - Mp = 21

• Points along y - Np = 21

• Total 
ells number - N tot
c = 800

• Cells along x - Mc = 40

• Cells along y - Nc = 20

• Boundary points - N
(bound)
p = 61

• Samples along u - Nu = 256

• Samples along v - Nv = 256

• SLL weight - wSLL = 0.0

• Dire
tivity weight - wD = 0
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• HPBW weight azimuth - wazm
HPBW = 0.0

• HPBW weight elevation - welv
HPBW = 0.0

• Mask weight - wmask = 1.0

• Cell elements - Nel = 1

• Pointing Dire
tion - θ0 = 0◦

• Pointing Dire
tion - φ0 = 0◦

• Pointing Dire
tion - u0 = 0

• Pointing Dire
tion - v0 = 0

• A side length - a = 10

• B side length - b = 10

• C side length - c = 10

• A side length in λ - La = 6λ

• B side length in λ- Lb = 6λ

• C side length in λ- Lc = 6λ

• Tiling 
on�gurations - T = 9.27× 1033

• Number of unknows - Nu = 1084

• Maximum of word max - Umax = 10

• Number of trials (seed) - Nseed = 103

• Cross-Over probability - pcx = 0.9

• Mutation probability - pm = 0.001
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Results
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Figure 28: Fitness for 10 best seeds

GA Seed SLL [dB℄ HPBW (az) [deg℄ HPBW (el) [deg℄ D [dB℄ Fitness Value

1 0.05 −32.968 6.429 6.544 29.619 1.919× 10−6

2 0.9 −32.869 6.426 6.544 29.622 1.959× 10−6

3 0.8 −32.879 6.426 6.544 29.622 1.965× 10−6

4 0.087 −32.902 6.428 6.544 29.621 1.983× 10−6

5 0.441 −32.902 6.428 6.544 29.621 1.983× 10−6

6 0.445 −32.902 6.428 6.544 29.621 1.983× 10−6

7 0.469 −32.902 6.428 6.544 29.621 1.983× 10−6

8 0.484 −32.902 6.428 6.544 29.621 1.983× 10−6

9 0.4 −32.902 6.428 6.544 29.621 1.983× 10−6

10 0.5 −32.902 6.428 6.544 29.621 1.983× 10−6

Table 37: Solution Parameters of Radiation Pattern along (θ0, φ0) = (0, 0) [deg]

Fig.28 rappresents the �tness value for 10 best seeds.

I analyzed the solution (seed) that permits to rea
h the minimum �tness value. The solutions analized 
orre-

sponds to seed = {0.05}.
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Best Individuals
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Figure 29: Best individuals of initial population: (a) Individual nr. 55, (b) Individual nr. 64, (
) Individual nr.

86, (d) Individual nr. 105, (e) Individual nr. 223, (f) Individual nr. 241.
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Broadside Analysis

Tiling Amplitudes Phases
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Figure 30: Mask Matching, SLL = −34.31 [dB], Ntot = 600, Ld = 20λ, dx = 0.3λ, dy1 = 0.35λ, dy2 =
0.69λ, a = 10, b = 10, c = 10, (θ0, φ0) = (0, 0) [deg] − Solution ID.: Referen
e, Seed 0.514

Amplitudes Pattern φ = 0 [deg] Pattern φ = 90 [deg]

R
e
fe
r
e
n
c
e

-60

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

N
or

m
al

iz
ed

 P
ow

er
 P

at
te

rn
 [d

B
]

u = sin(θ)cos(φ)

φ = 0 [deg]

Power Pattern

Power Mask

-60

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

N
or

m
al

iz
ed

 P
ow

er
 P

at
te

rn
 [d

B
]

v = sin(θ)sin(φ)

φ = 90 [deg]

Power Pattern

Power Mask

S
e
e
d
:
0
.0
5

-60

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

N
or

m
al

iz
ed

 P
at

te
rn

 [d
B

]

u=sin(θ)cos(φ)

φ = 0 [deg]

Tiled

Reference

Power Mask

-60

-50

-40

-30

-20

-10

 0

-1 -0.5  0  0.5  1

N
or

m
al

iz
ed

 P
at

te
rn

 [d
B

]

v=sin(θ)sin(φ)

φ = 90 [deg]

Tiled

Reference

Power Mask

Figure 31: Mask Matching, SLL = −34.31 [dB], Ntot = 600, Ld = 20λ, dx = 0.3λ, dy1 = 0.35λ, dy2 =
0.69λ, a = 10, b = 10, c = 10, (θ0, φ0) = (0, 0) [deg] − Solution ID.: Referen
e, Seed 0.05
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Steering Analysis

Amplitudes Pattern (θ, φ) = (30, 0) [deg] Phases
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Figure 32: Mask Matching, SLL = −34.31 [dB], Ntot = 600, Ld = 20λ, dx = 0.3λ, dy1 = 0.35λ, dy2 =
0.69λ, a = 10, b = 10, c = 10, (θ0, φ0) = (30, 0) [deg] − Solution ID.: Referen
e, Seed 0.05

Amplitudes Pattern (θ, φ) = (30, 30) [deg] Phases
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Figure 33: Mask Matching, SLL = −34.31 [dB], Ntot = 600, Ld = 20λ, dx = 0.3λ, dy1 = 0.35λ, dy2 =
0.69λ, a = 10, b = 10, c = 10, (θ0, φ0) = (30, 30) [deg] − Solution ID.: Referen
e, Seed 0.05
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Amplitudes Pattern (θ, φ) = (30, 37) [deg] Phases
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Figure 34: Mask Matching, SLL = −34.31 [dB], Ntot = 600, Ld = 20λ, dx = 0.3λ, dy1 = 0.35λ, dy2 =
0.69λ, a = 10, b = 10, c = 10, (θ0, φ0) = (30, 37) [deg] − Solution ID.: Referen
e, Seed 0.05

Amplitudes Pattern (θ, φ) = (30, 45) [deg] Phases
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Figure 35: Mask Matching, SLL = −34.31 [dB], Ntot = 600, Ld = 20λ, dx = 0.3λ, dy1 = 0.35λ, dy2 =
0.69λ, a = 10, b = 10, c = 10, (θ0, φ0) = (30, 45) [deg] − Solution ID.: Referen
e, Seed 0.05
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Amplitudes Pattern (θ, φ) = (30, 90) [deg] Phases
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Figure 36: Mask Matching, SLL = −34.31 [dB], Ntot = 600, Ld = 20λ, dx = 0.3λ, dy1 = 0.35λ, dy2 =
0.69λ, a = 10, b = 10, c = 10, (θ0, φ0) = (30, 90) [deg] − Solution ID.: Referen
e, Seed 0.05

Solutions Summary

(a, b, 
) MAX_ITE (# iterations) △τ [sec] (single simulation period) τ [sec] total simulation period

10, 10, 10 1000 0.047321 47.321

Table 46: Simulation Time

SOLUTION ID SLL [dB℄ HPBW (azimuth) [deg℄ HPBW (elevation) [deg℄ D [dB℄ Mask Fitting

Referen
e −34.305 6.392 6.515 29.653 0
Seed 0.05 −32.968 6.429 6.544 29.619 1.919× 10−6

Table 47: SLL, HPBWaz , HPBWel, D, Mask F itting of Radiation Pattern along (θ0, φ0) = (0, 0) [deg]

Con
lusion

The solution with OTM-GA [Se
.1.4℄ is a good 
hoi
e respe
t to ETM for the same array ar
hite
ture; be
ause

it is possible to obtain good results with less 
omputational e�ort.
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2 Con
lusions

An innovative approa
h for the design of hexagonal aperture phased arrays 
lustered with diamond shaped tile in

three di�erent orientation: verti
al σV
, horizontal-left σHleft

and horizontal-right σHright
has been implemented

and validated.

The �rst strategy is 
alled Enumerative Tiling Method (ETM), it has been developed for low/medium size

aperture and it permits to retrieve the globally-optimal solution by exploring the entire solution spa
es by using

mathemati
al theorems and algorithms.

The se
ond one is 
alled Optimization Tiling Method (OTM), it has been developed for large arrays size, it

is a GA-based optimization strategy and it has been proposed with two di�erent implementations: binary

(OTM-BGA) and integer-
oding (OTM-IGA).

The main advantages of there approa
hes are:

• ETM permits to retrieve the globally-optimal solution of solution spa
e with low 
ardinality, thanks to

mathemati
al theorems and algorithms, therefore the best tiling 
on�guration is that asso
iated with

minimum mask mat
hing value, it is the one more 
lose to referen
e solution;

• OTM permits to tile large aperture, therefore solution spa
e with high 
ardinality, by exploring a subset

of solutions spa
e by an analyti
 de�nition of initial tiling 
on�gurations and a GA-based approa
h. The

novelty is the integer 
oding, that permits to redu
e the 
omputational e�ort and to 
onverge to a best

or equal solution of binary 
oding at SoA

To valide this approa
h a more detailed analysis has been 
onsidered:

• an exploration of the whole solution spa
e is done with exhaustive method (ETM), but ETM shows that

only a sub-set of solutions is 
lose to referen
e ar
hite
ture, therefore is possible to analyze a subset of

solutions to retrieve one of the best tiling 
on�guration, to do this GA algorithms are robust be
ause for

small/medium aperture permits to �nd the globally-optimal solution, the use of GAs be
ome ne
essary

for high 
ardinality solution spa
e, so for large arrays;

• on the a
tual SoA literature, GAs are implemented using binary 
oding (OTM-BGA), this strategy permits

to 
onverge to a solution 
lose to referen
e 
ase, so GAs are a robust solution, but if array aperture be
ome

large, the binary string be
ome long, so the 
omputational time in
rease;

• to redu
e the string lenght the new method proposed uses integer 
oding, so ea
h tiling 
on�guration is


oded with a series of integer numbers (OTM-IGA), short string means low 
omputational time and the


onvergen
e value is 
lose or best than OTM-BGA 
ase;

• 
onsidering real radiating elements, performan
e are 
losed to ideal/isotropi
 
ase;

• 
ompared the solution of SoA with the approa
h proposed, for both 
ases the solutions are 
lose to

referen
e one, but the new method re
ude 
omputational time;
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• the solutions list of ETM and OTM are non-unique value, so this permits to array designer to sele
t a


on�guration that �ts addition requirements;

• ETM and ETM are good solutions to synthesize array ar
hite
ture for broadside dire
tion (θ0, φo) =

(0, 0) [deg] and a required steering dire
tion (θ0, φ0).

For future resear
h a
tivities, this new methodology will be extended ETM and OTM:

• for tiling hexagonal aperture with regular and irregular shape, by using poly-iamond, therefore tiles


omposed by more than 2 equilateral triangles, in order to redu
e further the number of 
ontrol points;

• redu
e the solution spa
e by exploiting simmetries on the solution set, in order to have more probability

to �nd the optimal solution also for GAs;

• implements GAs with hexade
imal 
oding, in order to in
rease further the array dimension and to redu
e


omputational e�ort.
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More information on the topi
s of this do
ument 
an be found in the following list of referen
es.
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