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Abstract 
 

In  this  work,  an  innovative methodology  for  the  design  of  physically‐contiguous 
clustered  linear  arrays  is  proposed.  The  developed  approach  is  based  on  a 
sparseness‐promoting method based on a  total‐variation compressive sensing  (TV‐
CS)  solver.  Thanks  to  the  adopted  formulation,  the  design  of  the  array  feeding 
network  is  achieved by maximizing  the  sparsity of  the  gradient of  the  excitations 
subject  to  the matching  of  user‐defined  far‐field  pattern  features.  A  preliminary 
numerical example  is provided to verify the effectiveness of the proposed method 
when dealing with  the design of a  clustered  linear array  yielding a Taylor pattern 
with predefined side‐lobe level. 
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1 Introdu
tion

The use of digital beam-forming networks (BFNs) in phased array antennas allows a real-time ele
troni
 
ontrol

of the beam, enabling a set of advan
ed attra
tive fun
tionalities su
h as beam shaping, fast beam s
anning, and

multiple digital beams sensing [1℄. However, their high implementation 
ost has limited the use of phased array

systems, whi
h have been mainly adopted in military and spa
e appli
ations. For su
h a reason, un
onventional

ar
hite
tures, su
h as sparse, thinned and 
lustered arrays, have been re
ently proposed [1℄. In this framework,


lustered phased array ar
hite
tures are nowadays a good 
ompromise between antenna radiation performan
e

and implementation 
osts. As a matter of fa
t, they allow to redu
e the total number of transmission/re
eive

(T/R) modules of the BFN , whi
h are known to have a signi�
ant impa
t on the �nal 
ost of the antenna. One

of the main drawba
k of this type of ar
hite
tures is represented the high quantization lobes, getting higher

and higher as the number of sub-arrays is lower and lower with respe
t to the number of original radiating

elements. It has been shown that the periodi
ity introdu
ed by uniform 
lustering on the aperture illumination

quantization is the main reason of the side-lobe level (SLL) degradation. To over
ome su
h an issue, non

uniform 
lustering methods have been proposed in the last years [1℄.
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2 Mathemati
al Formulation

Let us 
onsider the synthesis of a linear array with a pres
ribed radiated pattern, whoseN elements are uniformly

displa
ed along the x-axis and grouped into 
ontiguous sub-arrays 
ontrolled by C < N T/R modules [Fig.

1(a)℄.
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Figure 1: (a) Physi
al linear 
lustered array 
onsisting of C sub-arrays and (b) equivalent (�logi
al�) layout.

The synthesis problem at hand 
an be formulated as follows

Linear Array Clustering Problem: �nd the array ex
itations wn, n = 1, ...N , of the equivalent

�logi
al� layout [Fig. 1(b)℄ having the lowest possible number of 
lusters, C, and satisfying the

pattern mat
hing 
ondition

K
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∣

∣
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n=1

wne
j2πnduk
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∣

∣
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≤ ǫ (1)

where Fref is a user-de�ned referen
e pattern, d is the inter-element spa
ing, uk = sin (θk), k =

1, ...,K, are K angular samples, and ǫ is the toleran
e threshold of the pattern mat
hing 
ondition.

The unknown ex
itations ve
tor w = {wn; n = 1, ..., N} is related to the 
orresponding radiated pattern by

means of the following expression

FREF = Φw (2)

where FREF = {FREF (uk); k = 1, ...,K}, and Φ is the �observation matrix�

Φ ,
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


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


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The ve
tor w 
ontains the N equivalent ex
itations 
oe�
ients [Fig. 1(b)℄ expressed as follows

wn =

C
∑

c=1

Scδ
(c)
qn

=

C
∑

c=1

αce
jβcδ(c)qn

; n = 1, ..., N (4)

where Sc = αce
jβc

is the 
omplex ex
itation asso
iated of the cth sub-array [c = 1, ..., C - Fig. 1(a)℄, αc and

βc being the ampli�er and phase shifter/time-delay, respe
tively, and δ
(c)
qn is the Krone
ker delta fun
tion that
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de�nes the 
lustering of the array elements, i.e.,

δ(c)qn
=











1 if qn = c

0 otherwise
(5)

qn ∈ [1, C], n = 1, ..., N , being a set of integer values that univo
ally de�nes the sub-arrays of the 
lustering


on�guration (i.e., ea
h qn identi�es the 
luster to whi
h the n-th element belongs).

A

ording to (4), it is worth noti
ing that if C < N and only 
ontiguous 
lusters are allowed, meaning that the

ve
tor w is a pie
e-wise 
onstant fun
tion [Fig. 2(a)℄. A

ordingly, the gradient of w, de�ned as [17℄

▽w = {▽wn = (wn−1 − wn) ; n = 1, ..., N} (6)

turns out to be non-null only for elements indexes n that belongs to two di�erent 
ontiguous 
lusters [the

periodi
 boundary 
ondition wn−1|n=0 = wn−1|n=N is 
onsidered in (6) [17℄℄. The ve
tor ▽w is thus sparse

[Fig. 2(b)℄, enabling the use of a CS strategy for �nding the problem solution.

w

(a)

w

(b)

Figure 2: (a) Pie
e-wise 
lustered ex
itations and (b) 
orresponding (sparse) gradient fun
tion.

A

ordingly, the 
lustering problem 
an be reformulated as a TV − CS synthesis one as follows

w
TV −CS = arg

{

min
w

[|▽w|1]
}

, s.t.FREF = Φw (7)

where |·|1 is the l1-norm operator. In (7) the minimization of the number of 
lusters, C, is obtained by sear
hing

for the sparsest ▽w ve
tor (i.e., by minimizing the l1-norm TV term) satisfying the requirement of the pattern

mat
hing 
ondition. In order to solve the TV −CS sparse problem (7), the deterministi
 alternating dire
tion

algorithm has been applied [17℄.

The step-wise behaviour of the ve
tor w
TV −CS

allows to de�ne C 
ontiguous 
lusters 
omposed by one element

and/or grouping two or more elements. A

ordingly, the 
lustering 
oe�
ients qn, n = 1, ..., N , are obtained

by ��ltering� the w
TV−CS

ve
tor su
h that two 
ontiguous 
lusters 
ontrol points di�er at least by a toleran
e
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fa
tor τc. The 
lustering 
oe�
ients are thus obtained as follows

q1 = 1

qn =











qn−1 if |αn − αn−1| < τc

qn+1 + 1 otherwise
; n = 2, ..., N.

(8)

This means that if two 
ontiguous elements are asso
iated to w
TV −CS

values whose di�eren
e is less than τc, the

two elements are grouped together into the same 
luster. Finally, the equivalent ex
itations wn and the radiated

pattern F (u) are obtained using (4) and (2), respe
tively, and the TV − CS solution �quality� is evaluated by

means of the following pattern mat
hing index

ξ =

∫ 1

−1
| FREF (u)− F (u) |2 du
∫ 1

−1
| FREF (u) |2 du

(9)
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3 Preliminary Numeri
al Results

3.1 Taylor - SLL = −20dB - N = 100

Array Geometry:

• Linear Array

• Number of Elements: N = 100

• Element Spa
ing: ∆LREF = λ/2

• Aperture Length: L = 49.5λ

Referen
e Pattern:

• Pen
il Beam, Taylor

• Number of elements: N = 100

• Transition Index: n = 6

• Sidelobe Ratio: SLL = −20dB

Pareto Parameters:

• Pattern Samples: K ∈ {4, 6, 8..., 20, 25, ..., 50, 60, 70, ..., 100, 300, 400, 500, 1000}

• Primary penalty parameter: µ ∈
{

2× 10−2, 2× 10−1, ..., 2× 1013
}

• Se
ondary penalty parameter: β ∈
{

2× 10−2, 2× 10−1, ..., 2× 1013
}

• mt ∈
{

1× 101, 2× 101, 5× 101, 1× 102, 5× 102, 1× 103
}

TV-CS Parameters:

• Starting primary penalty parameter: µ0 = µ (default)

• Starting se
ondary penalty parameter: β0 = β (default)

• Outer stopping toleran
e: to = 1× 10−3
(default)

• Inner stopping toleran
e: ti = 1× 10−3
(default)

• Outer maximum iterations: mo = 10 (default)

• Isotropi
/anisotropi
 TV �ag: FTV = 1

• Negative/Positive signal: FN = [false] (default)

• TV/L2 �ag:FT2 = [false] (default)
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• Real/Imaginary signal �ag: FR = [false] (default)

• S
aling Matrix A �ag: FA = [true] (default)

• S
aling Ve
tor B �ag: FB = [true] (default)

• Guess Solution: FG = 0 (all zeroes)

RESULTS - TOLERANCE: τC = 1.0× 10−3

Pareto Front:

Figure 3: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L == 49.5λ)−Pareto
front.

C ξ µ β K mt mo

3 2.76× 10−2 1× 100 2× 108 35 1× 103 1× 101

21 2.20× 10−2 2× 10−1 2× 10+6 100 1× 103 1× 101

39 5.78× 10−3 2× 100 2× 105 100 1× 103 1× 101

53 1.59× 10−3 2× 100 2× 103 200 1× 103 1× 101

67 1.97× 10−4 2× 100 2× 102 1000 1× 102 1× 101

Table I: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ)−Sele
ted
solutions.
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Number of Clusters: C = 3
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Figure 4: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 3)-
−Power pattern over the whole visible u−range (a) and a detail of the main lobe (b).
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Figure 5: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 3)-
−Ex
itations amplitude (a) and phase (b).
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Figure 6: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 3)-
−Array elements 
lustering 
on�guration.

C SLL [dB℄ BW [deg℄ Dmax [dB℄ DRRmax[dB℄ ξ
[

×10−2
]

Reference − −19.82 1.0842 19.87 2.37 −
TV − CS 3 −13.28 1.0124 20.00 3.8× 10−3 2.76

Table II: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 3)-
−Array Performan
e Indexes.
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Number of Clusters: C = 21
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Figure 7: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 21)-
−Power pattern over the whole visible u−range (a) and a detail of the main lobe (b).
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Figure 8: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 21)-
−Ex
itations amplitude (a) and phase (b).
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Figure 9: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 21)-
−Array elements 
lustering 
on�guration.

C SLL [dB℄ BW [deg℄ Dmax [dB℄ DRRmax[dB℄ ξ
[

×10−2
]

Reference − −19.82 1.0842 19.87 2.37 −
TV − CS 21 −13.78 1.0222 19.99 0.20 2.20

Table III: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 21)-
−Array Performan
e Indexes.
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Number of Clusters: C = 39
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Figure 10: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 39)-
−Power pattern over the whole visible u−range (a) and a detail of the main lobe (b).
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Figure 11: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 39)-
−Ex
itations amplitude (a) and phase (b).

 0

-25 -20 -15 -10 -5  0  5  10  15  20  25

x/λ [normalized value]

Taylor, N=100, SLL=-20dB, L=49.5λ

Figure 12: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 39)-
−Array elements 
lustering 
on�guration.

C SLL [dB℄ BW [deg℄ Dmax [dB℄ DRRmax[dB℄ ξ
[

×10−3
]

Reference − −19.82 1.0842 19.87 2.37 −
TV − CS 39 −16.73 1.0690 19.94 1.17 5.78

Table IV: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 39)-
−Array Performan
e Indexes.
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Number of Clusters: C = 53
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Figure 13: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 53)-
−Power pattern over the whole visible u−range (a) and a detail of the main lobe (b).
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Figure 14: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 53)-
−Ex
itations amplitude (a) and phase (b).
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Figure 15: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 53)-
−Array elements 
lustering 
on�guration.

C SLL [dB℄ BW [deg℄ Dmax [dB℄ DRRmax[dB℄ ξ
[

×10−3
]

Reference − −19.82 1.0842 19.87 2.37 −
TV − CS 53 −18.54 1.0811 19.90 1.70 1.59

Table V: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 53)-
−Array Performan
e Indexes.

page 11/20



Number of Clusters: C = 67
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Figure 16: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 67)-
−Power pattern over the whole visible u−range (a) and a detail of the main lobe (b).
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Figure 17: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 67)-
−Ex
itations amplitude (a) and phase (b).
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Figure 18: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 67)-
−Array elements 
lustering 
on�guration.

C SLL [dB℄ BW [deg℄ Dmax [dB℄ DRRmax[dB℄ ξ
[

×10−4
]

Reference − −19.82 1.0842 19.87 2.37 −
TV − CS 67 −20.10 1.0852 19.86 2.28 1.97

Table VI: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 67)-
−Array Performan
e Indexes.
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RESULTS - TOLERANCE: τC = 1.0× 10−2

NOTE: With respe
t to the previous test 
ases the 
lustering �de-noise� toleran
e has been de
reased from

τc = 1× 10−3
to τc = 1× 10−2

, in order to avoid the problem noti
ed in the test 
ase of Fig. 6, in whi
h C = 3


lusters are 
ounted, but wat
hing Fig. 5 the array ex
itation distribution seems uniform.

Pareto Front:

Figure 19: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L == 49.5λ)−Pareto
front.

C ξ µ β K mt mo

5 6.43× 10−3 2× 10−2 2× 101 60 2× 103 5× 102

15 4.00× 10−3 2× 10−2 2× 100 90 1× 103 5× 102

25 1.69× 10−3 2× 10−2 2× 100 90 2× 103 5× 102

33 5.53× 10−4 2× 10−1 5× 102 200 5× 102 5× 102

Table VII: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ)−Sele
ted
solutions.
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Number of Clusters: C = 5
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Figure 20: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 5)-
−Power pattern over the whole visible u−range (a) and a detail of the main lobe (b).
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Figure 21: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 5)-
−Ex
itations amplitude (a) and phase (b).
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Figure 22: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 5)-
−Array elements 
lustering 
on�guration.

C SLL [dB℄ BW [deg℄ Dmax [dB℄ DRRmax[dB℄ ξ
[

×10−3
]

Reference − −19.82 1.0842 19.87 2.37 −
TV − CS 5 −18.01 1.0868 19.88 1.45 6.42

Table VIII: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ,
C = 5)−Array Performan
e Indexes.
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Number of Clusters: C = 15
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Figure 23: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 15)-
−Power pattern over the whole visible u−range (a) and a detail of the main lobe (b).
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Figure 24: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 15)-
−Ex
itations amplitude (a) and phase (b).
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Figure 25: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 15)-
−Array elements 
lustering 
on�guration.

C SLL [dB℄ BW [deg℄ Dmax [dB℄ DRRmax[dB℄ ξ
[

×10−3
]

Reference − −19.82 1.0842 19.87 2.37 −
TV − CS 15 −19.02 1.1095 19.87 1.71 4.00

Table IX: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 15)-
−Array Performan
e Indexes.
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Number of Clusters: C = 25
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Figure 26: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 25)-
−Power pattern over the whole visible u−range (a) and a detail of the main lobe (b).
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Figure 27: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 25)-
−Ex
itations amplitude (a) and phase (b).
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Figure 28: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 25)-
−Array elements 
lustering 
on�guration.

C SLL [dB℄ BW [deg℄ Dmax [dB℄ DRRmax[dB℄ ξ
[

×10−3
]

Reference − −20.10 1.0842 19.87 2.37 −
TV − CS 25 −18.69 1.0711 19.87 1.83 1.69

Table X: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 25)-
−Array Performan
e Indexes.
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Number of Clusters: C = 33
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Figure 29: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 33)-
−Power pattern over the whole visible u−range (a) and a detail of the main lobe (b).
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Figure 30: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 33)-
−Ex
itations amplitude (a) and phase (b).
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Figure 31: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 33)-
−Array elements 
lustering 
on�guration.

C SLL [dB℄ BW [deg℄ Dmax [dB℄ DRRmax[dB℄ ξ
[

×10−4
]

Reference − −20.10 1.0842 19.87 2.37 −
TV − CS 33 −19.66 1.0867 19.87 1.14 5.53

Table XI: Performan
e Assessment (Taylor Pattern, N = 100, SLL = −20 dB, d = 0.5λ, L = 49.5λ, C = 33)-
−Array Performan
e Indexes.
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4 Con
lusions

This do
ument presented an innovative TV −CS-based methodology for the synthesis of 
lustered linear arrays.

Towards this end, the mathemati
al formulation of the linear array 
lustering problem, as well as its solution

in a sparseness-regularized framework, has been des
ribed.

Some preliminary results have been shown in order to provide a �rst numeri
al assessment of the proposed

strategy. From the reported out
omes it is possible to state that the proposed TV − CS is able to synthesize

sub-arrayed layouts 
onsisting of a low number of 
lusters 
ompared to the original elements, still guaranteeing

a good mat
hing of the referen
e pattern.
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