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Abstract 
 

This  work  presents  a  novel  material‐by‐design  (MbD)  technique  aimed  at 
synthesizing  conformal  and  miniaturized  linear  arrays.  A  two‐step  quasi‐
conformal  transformation  (QCTO)  approach  is  exploited  in  order  to  synthesize 
meta‐material coverings of the conformal arrangements in order to restore their 
reference  free‐space  radiation  features.  Moreover,  a  source  inversion  (SI) 
strategy is applied in order to reduce the number of radiators, by synthesizing a 
new set of excitations of the final conformal architecture. Some numerical results 
are  presented  in  order  to  assess  the  effectiveness  as  well  as  the  current 
limitations of the proposed MbD synthesis methodology. 



1 Test �Cir
ular-Ar
-Spline� Geometry - N ′
= 20 (s = 2.0[λ℄, l = 2.0[λ℄)

Input Parameters

• Virtual & Physi
al Geometries

� The physi
al geometry is given by:

∗ −wc/2 ≤ x ≤ wc/2: portion of 
ir
ular ar
 passing through the points (−w/2, 0.0), (0.0, h) and

(w/2, 0.0);

∗ −w/2 ≤ x < −wc/2: spline with Q = 5 
ontrol points (points A, B and C 
an be 
ontrolled);

∗ wc/2 ≤ x < w/2: spline with Q = 5 
ontrol points (points D, E and F 
an be 
ontrolled);

� The upper part of the virtual geometry is an exa
t 
opy of the physi
al one.
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Figure 1: Transformation regions and geometri
 parameters of interest.

� Width: w = w′ = 16.0 [λ℄;

� Extension of the 
ir
ular ar
s: wc = w′

c (see table below);

� Lens thi
kness: s = s′ = 2.0 [λ℄;

� Lens 
urvature: l = 2.0[λ℄;

� Lens total height: h = h′ = l + s = 4.0 [λ℄;

Left Spline Right Spline Cir
ular ar


SYMMETRIC GEOMETRIES

TEST CASE yA [λ℄ yB [λ℄ yC [λ℄ yD [λ℄ yE [λ℄ yF [λ℄ wc = w′

c [λ℄
1 0.5 2.2 1.5 1.5 2.2 0.5 8.0
2 0.5 2.2 1.5 1.5 2.2 0.5 6.0
3 0.5 2.2 1.1 1.1 2.2 0.5 8.0
4 0.5 2.2 1.1 1.1 2.2 0.5 6.0

ASYMMETRIC GEOMETRIES

TEST CASE yA [λ℄ yB [λ℄ yC [λ℄ yD [λ℄ yE [λ℄ yF [λ℄ wc = w′

c [λ℄
5 0.5 2.2 1.1 2.2 1.5 0.5 8.0
6 0.5 2.2 1.1 2.2 1.5 0.5 6.0

Table I: y-
oordinate of the 
ontrol points for the lower spline and widths of the two 
ir
ular ar
s.
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• Virtual Array

� Number of elements, spa
ing, aperture: N ′ = 20, d′ = λ
2
, L′ = 9.5 [λ℄;

� Distan
e from PEC ground plane (pla
ed at y′ = 0.0): δ′ = λ
4
;

� Operating frequen
y: f = 600 [MHz℄;

� Steering angle: φs = 90.0 [deg℄;

� Ex
itations: In = 1.0, ϕn = −2π
λ

xnsin (φs + 90); n = 1, ..., N ′
;

• QCTO

� Dis
retization 
ell dimension: 0.15 [λ℄ (0.01 [λ℄ for sour
e mapping);
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1.0.1 Results of the Transformation - Symmetri
 Test Cases

Virtual Physi
al
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Figure 2: Transformation grids for virtual and physi
al geometries for di�erent 
on�gurations of the lens.
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1.0.2 Results of the Transformation - Asymmetri
 Test Cases

Virtual Physi
al
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Figure 3: Transformation grids for virtual and physi
al geometries for di�erent 
on�gurations of the lens.
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1.0.3 Physi
al Lens Parameters

SYMMETRIC ASYMMETRIC

TEST CASE 1 TEST CASE 2 TEST CASE 3 TEST CASE 4 TEST CASE 5 TEST CASE 6

Anisotropi
 Permittivity Range [−4.37, 35.78] [−1.64, 10.48] [−6.76, 61.26] [−1.76, 13.20] [−1.55, 46.91] [−1.00, 11.96]
Isotropi
 Permittivity Range [0.00, 3.83] [0.00, 3.23] [0.00, 3.74] [0.00, 3.17] [0.00, 3.73] [0.00, 3.16]

Table II: Permittivity ranges of the physi
al lens.
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1.0.4 Far-Field Patterns (Aniso-Lens, φs = 90.0 [deg℄) - Symmetri
 Test Cases
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Figure 4: Comparison between the far �eld patterns.

6



1.0.5 Far-Field Patterns (Aniso-Lens, φs = 90.0 [deg℄) - Asymmetri
 Test Cases
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Figure 5: Comparison between the far �eld patterns.
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2 �Cir
ular-Ar
-Low-Spline� Geometry - N ′
= 20 (With Compression)

#1

Input Parameters

• Virtual & Physi
al Geometries
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Figure 6: Transformation regions and geometri
 parameters of interest.

VIRTUAL PHYSICAL (LENS)

TEST CASE N
′

w
′

l [λ℄ w
′

u [λ℄ h
′

u [λ℄ l
′

u [λ℄ N wl [λ℄ wu [λ℄ hu [λ℄ lu [λ℄ ll [λ℄ wc [λ℄ yA [λ℄ yB [λ℄ yC [λ℄ yD [λ℄ yE [λ℄ yF [λ℄
1 20 19.3 20.0 12.0 8.0 18 20.0 20.0 12.0 8.0 2.0 8.5 0.5 0.2 1.5 1.5 0.2 0.5
2 20 21.3 20.0 12.0 8.0 17 20.0 20.0 12.0 8.0 2.0 8.5 0.5 0.2 1.5 1.5 0.2 0.5
3 20 24.0 20.0 12.0 8.0 16 20.0 20.0 12.0 8.0 2.0 8.5 0.5 0.2 1.5 1.5 0.2 0.5
4 20 28.0 20.0 12.0 8.0 15 20.0 20.0 12.0 8.0 2.0 8.5 0.5 0.2 1.5 1.5 0.2 0.5

Table III: Exe
uted test 
ases. Obje
tive: in
rease w
′

l in order to obtain larger 
ompressions of the original

virtual array.

IMPORTANT NOTE: The minimum 
ompression is for N = 18 (L = 8.5 [λ℄) be
ause this is the length

of the linear segment in the physi
al lens (i.e., wc = 8.5[λ℄) on whi
h the 
ompressed array must stay.

• Virtual Array

� Number of elements, spa
ing, aperture: N ′ = 20, d′ = λ
2
, L′ = 9.5 [λ℄;

� Distan
e from PEC ground plane (pla
ed at y′ = 0.0): δ′ = λ
4
;

� Operating frequen
y: f = 600 [MHz℄;

� Ex
itations for steering at φ = φs: In = 1.0, ϕn = −2π
λ

xnsin (φs + 90); n = 1, ..., N ′
;

• QCTO

� Dis
retization 
ell dimension: 0.15 [λ℄ (0.01 [λ℄ for sour
e mapping);
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2.0.6 Results of the Transformation

Compression of the virtual array

VIRTUAL PHYSICAL (LENS)

TEST CASE N ′ L′
[λ℄ w

′

l [λ℄ Ndense Ldense[λ℄
1 20 9.5 19.3 20 8.52
2 20 9.5 21.3 20 8.00
3 20 9.5 24.0 20 7.50
4 20 9.5 28.0 20 7.05

Table IV: Number of elements and aperture of the array after 
ompression from virtual to physi
al.

Physi
al lens parameters

w
′

l = 19.3 [λ℄ w
′

l = 21.3 [λ℄ w
′

l = 24.0 [λ℄ w
′

l = 28.0 [λ℄
Anisotropi
 Permittivity Range [−0.82, 3.65] [−0.77, 3.81] [−0.73, 4.44] [−0.66, 6.21]
Isotropi
 Permittivity Range [0.00, 3.62] [0.00, 4.62] [0.00, 6.18] [0.00, 8.16]

Average Fra
tional Anisotropy, αF 2.46× 10−1 2.35× 10−1 2.41× 10−1 2.66× 10−1

Average Relative Anisotropy, αR 2.18× 10−1 2.09× 10−1 2.17× 10−1 2.47× 10−1

Table V: Permittivity ranges and anisotropy measures of the physi
al lens.
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Transformation grids
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Figure 7: Transformation grids for virtual and physi
al geometries for di�erent 
on�gurations of the lens.
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Physi
al lens permittivity (Test 
ase 1 - w
′

l = 19.3 [λ℄)
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Figure 8: Components of the relative permittivity tensor of the lens.
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Figure 9: Isotropi
 approximate permittivity distribution of the lens.
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Physi
al lens permittivity (Test 
ase 2 - w
′

l = 21.3 [λ℄)
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Figure 10: Components of the relative permittivity tensor of the lens.
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Figure 11: Isotropi
 approximate permittivity distribution of the lens.
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Physi
al lens permittivity (Test 
ase 3 - w
′

l = 24.0 [λ℄)
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Figure 12: Components of the relative permittivity tensor of the lens.
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Figure 13: Isotropi
 approximate permittivity distribution of the lens.
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Physi
al lens permittivity (Test 
ase 4 - w
′

l = 28.0 [λ℄)
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Figure 14: Components of the relative permittivity tensor of the lens.
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Figure 15: Isotropi
 approximate permittivity distribution of the lens.
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2.0.7 Far-Field Patterns (φs = 90 [deg℄, f = 600 [MHz℄, Aniso-Lens)
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Figure 16: Comparison between the far �eld patterns of virtual and physi
al �dense� arrays.
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2.1 Redu
tion of the Control Points through SI (N
′ → N < N

′
)

Parameters

• Number of array elements before SI: N ′ = 20;

• Number of array elements after SI (N): 
he
k table below;

• Spa
ing after SI: d = λ/2;

• Radius of the observation domain: rSI = 400 [λ℄;

• Number of �eld sampling points: nSI = 1000.

Before SI After SI

TEST CASE Ndense Ldense [λ℄ N L [λ℄
1 20 8.52 18 8.50
2 20 8.00 17 8.00
3 20 7.50 16 7.50
4 20 7.05 15 7.00

Table VI: Parameters 
onsidered for SI.

16



2.1.1 Far-Field Patterns After SI (φs = 90 [deg℄, f = 600 [MHz℄, Aniso-Lens)
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Figure 17: Comparison between the far �eld patterns of virtual and physi
al arrays before and after SI.
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3 �Cir
ular-Ar
-Low-Spline� Geometry - N ′
= 20 (With Compression)

#2

Input Parameters

• Virtual & Physi
al Geometries
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Figure 18: Transformation regions and geometri
 parameters of interest.

VIRTUAL PHYSICAL (LENS)

TEST CASE N
′

w
′

l [λ℄ w
′

u [λ℄ h
′

u [λ℄ l
′

u [λ℄ N wl [λ℄ wu [λ℄ hu [λ℄ lu [λ℄ ll [λ℄ wc [λ℄ yA [λ℄ yB [λ℄ yC [λ℄ yD [λ℄ yE [λ℄ yF [λ℄
1 20 18.5 20.0 11.0 8.0 18 20.0 20.0 11.0 8.0 3.0 8.5 1.5 0.0 2.0 2.0 0.0 1.5
2 20 20.5 20.0 11.0 8.0 17 20.0 20.0 11.0 8.0 3.0 8.5 1.5 0.0 2.0 2.0 0.0 1.5
3 20 23.0 20.0 11.0 8.0 16 20.0 20.0 11.0 8.0 3.0 8.5 1.5 0.0 2.0 2.0 0.0 1.5
4 20 26.0 20.0 11.0 8.0 15 20.0 20.0 11.0 8.0 3.0 8.5 1.5 0.0 2.0 2.0 0.0 1.5

Table VII: Exe
uted test 
ases. Obje
tive: in
rease w
′

l in order to obtain larger 
ompressions of the original

virtual array.

IMPORTANT NOTE: The minimum 
ompression is for N = 18 (L = 8.5 [λ℄) be
ause this is the length

of the linear segment in the physi
al lens (i.e., wc = 8.5[λ℄) on whi
h the 
ompressed array must stay.

• Virtual Array

� Number of elements, spa
ing, aperture: N ′ = 20, d′ = λ
2
, L′ = 9.5 [λ℄;

� Distan
e from PEC ground plane (pla
ed at y′ = 0.0): δ′ = λ
4
;

� Operating frequen
y: f = 600 [MHz℄;

� Ex
itations for steering at φ = φs: In = 1.0, ϕn = −2π
λ

xnsin (φs + 90); n = 1, ..., N ′
;

• QCTO

� Dis
retization 
ell dimension: 0.15 [λ℄ (0.01 [λ℄ for sour
e mapping);
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3.0.2 Results of the Transformation

Compression of the virtual array

VIRTUAL PHYSICAL (LENS)

TEST CASE N ′ L′
[λ℄ w

′

l [λ℄ Ndense Ldense[λ℄
1 20 9.5 18.5 20 8.54
2 20 9.5 20.5 20 8.03
3 20 9.5 23.0 20 7.53
4 20 9.5 26.0 20 7.12

Table VIII: Number of elements and aperture of the array after 
ompression from virtual to physi
al.

Physi
al lens parameters

w
′

l = 18.5 [λ℄ w
′

l = 20.5 [λ℄ w
′

l = 23.0 [λ℄ w
′

l = 26.0 [λ℄
Anisotropi
 Permittivity Range [−5.41, 31.50] [−4.62, 13.33] [−4.44, 16.72] [−4.30, 22.35]
Isotropi
 Permittivity Range [0.00, 8.20] [0.00, 6.58] [0.00, 5.00] [0.00, 5.42]

Average Fra
tional Anisotropy, αF 3.44× 10−1 3.26× 10−1 3.20× 10−1 3.25× 10−1

Average Relative Anisotropy, αR 3.28× 10−1 3.10× 10−1 3.06× 10−1 3.17× 10−1

Table IX: Permittivity ranges and anisotropy measures of the physi
al lens.
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Transformation grids
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Figure 19: Transformation grids for virtual and physi
al geometries for di�erent 
on�gurations of the lens.
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Physi
al lens permittivity (Test 
ase 1 - w
′

l = 18.5 [λ℄)
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Figure 20: Components of the relative permittivity tensor of the lens.
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Figure 21: Isotropi
 approximate permittivity distribution of the lens.
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Physi
al lens permittivity (Test 
ase 2 - w
′

l = 20.5 [λ℄)
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Figure 22: Components of the relative permittivity tensor of the lens.
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Figure 23: Isotropi
 approximate permittivity distribution of the lens.
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Physi
al lens permittivity (Test 
ase 3 - w
′

l = 23.0 [λ℄)
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Figure 24: Components of the relative permittivity tensor of the lens.
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Figure 25: Isotropi
 approximate permittivity distribution of the lens.
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Physi
al lens permittivity (Test 
ase 4 - w
′

l = 26.0 [λ℄)
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Figure 26: Components of the relative permittivity tensor of the lens.
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Figure 27: Isotropi
 approximate permittivity distribution of the lens.
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3.0.3 Far-Field Patterns (φs = 90 [deg℄, f = 600 [MHz℄, Aniso-Lens)
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Figure 28: Comparison between the far �eld patterns of virtual and physi
al �dense� arrays.
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3.1 Redu
tion of the Control Points through SI (N
′ → N < N

′
)

Parameters

• Number of array elements before SI: N ′ = 20;

• Number of array elements after SI (N): 
he
k table below;

• Spa
ing after SI: d = λ/2;

• Radius of the observation domain: rSI = 400 [λ℄;

• Number of �eld sampling points: nSI = 1000.

Before SI After SI

TEST CASE Ndense Ldense [λ℄ N L [λ℄
1 20 8.54 18 8.50
2 20 8.03 17 8.00
3 20 7.53 16 7.50
4 20 7.12 15 7.00

Table X: Parameters 
onsidered for SI.
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3.1.1 Far-Field Patterns After SI (φs = 90 [deg℄, f = 600 [MHz℄, Aniso-Lens)
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Figure 29: Comparison between the far �eld patterns of virtual and physi
al arrays before and after SI.
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