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Abstract

In this work, an innovative Material-by-Design (MbD) methodology is proposed
to improve the radiation features of a linear active electronically-scanned array
(AESA) without increasing the number of elements nor requiring the re-design of
the radiators and/or feeding network. The quasi-conformal transformation optics
(QCTO) approach is exploited to design an enhancing meta-material lens that is
able to focus the radiated field of the original antenna. Moreover, a source
inversion (S/) strategy is adopted to properly set the array excitations in order to
match the radiation characteristics of significantly larger apertures. Some
preliminary numerical results are reported and discussed.



1 Problem Formulation and Definitions

1.1 Goal

Let be given a physical array made of N elements with spacing d = % Our goal is to enhance its radiation

properties by properly synthesizing a metamaterial lens that covers it. Such an enhancement can be obtained

in principle by

1. Increasing the overall aperture / number of elements of the array;

2. Increasing the radiation characteristics of the radiating elements.

In this report, the first option is investigated, and the lens will be synthesized in order to make the radiation
characteristics of the original array similar to those of a larger array (i.e., made of mode equi-spaced elements)

in free-space.

1.2 Transformation Description

The transformation involves two spatial domains. In this report, the first domain is called “virtual domain” or
“virtual space” while the other one is referred to as “physical domain” or “physical space”. In addition, the terms
“virtual” and “physical” are used to describe entities in virtual and physical spaces respectively. The rectangular
coordinate system in virtual space is labeled as (z’,y’, 2") whereas in the physical space the labels (z,y, z) are

used.

If the transformation from (z’,y/,2’) to (x,y, z) is defined as:

(z,y,2) =T (2", ¢/, %) (1)
x=u(z',y,7) (2)
y=y (‘T/a y/a ZI) (3)
z=z(',y,2") (4)

the Jacobian matrix of the transformation é will be:
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For the inverse transformation, i.e. (z,y, z) to (¢',y',2’),

(‘T/’yl’ Z/) = FI (‘r’y’ Z) (6)



a' =1’ (x,y,2)

v =y (2,y,2)

2 =2 (x,y,2)

the corresponding Jacobian matrix will be
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the corresponding relative permittivity and relative permeability tensors in physical space can be computed as

follows:
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=7 det (4)
Ap AT
B det (o)

(15)

(16)

If there is a source with current I’ and current density J' in virtual space its corresponding image in the physical

space can be computed as

(17)

(18)



1.3 Isotropic Approximation

An isotropic approximation can be made on the permittivity and permeability of the medium (Lens) in the

physical space under the following assumptions:

e T'E or T'M mode of propagation.

e Grid lines in virtual space are “near” orthogonal which results in a near-isotropic medium in virtual space.
Under such assumptions, permittivity and permeability in physical space will be simplified as:
e For T'E mode of propagation:

— Approximate Isotropic permeability: p®PPro®. = *PProT-I.

— Constant Approximate permittivity: g®Pmo% =T

e For T'M mode of propagation:

— Approximate Isotropic permittivity: gtPPmor = g@PpProz.I,

— Constant Approximate permeability: p*Pro% =1

where I is a 3 x 3 identity matrix, e*PP"°% and pu®PP™°"- are computed by ratio of areas of virtual and physical
transformation grid cells. More specifically, for a given unit cell in the physical space, if its area is approximated
by Arhvsical — AgzAy, where Az and Ay are changes in x and y between its opposite corners, and similarly if the
area of the image of this unit cell in virtual space can be approximated by Av""*“el = Az’ Ay’, the approximate

PRI e . . . AviTtual _ AI,Ay/
permittivity or permeability of the unit cell is computed as: Frrmar = A5,

e For T'E mode of propagation:

virtual / /
or Gl A _ Az’ Ay
Aphysical A.’L‘Ay

e For T'M mode of propagation:

Avirtual Ax’Ay’
approx. __ _
€ - Aphysical - A(EAy (20)

1.4 Transformation Grid Orthogonality (y)

Since the orthogonality of the transformation grid is the basis for isotropic approximation, it is quantified as

follows. Figure 1 shows a sample grid intersection in the complex plane v = x + jy.

Figure 1: Description of grid orthogonality measure: A sample unit cell of a grid in the complex plane



Referring to Figure 1, and using Euler’s notation, y; = |y1| e?[07901)] | 4y = |5 e7979072)] | where 4, and ~, are

vectors forming adjacent sides of the unit cell. The internal angle § can be computed as

6 =arg(n)—arg(y2) = arg (ﬂ) :
V2
The offset from orthogonality y can then be evaluated as

X =6 — 90. (21)

1.5 Field Matching Error (&)

The error between a given field distribution £ and a reference field distribution E,..f sampled at U and V points

in the z and y directions respectively (i.e x, € {z1, -, zu}, Yo € {¥1, -, yv}) is evaluated as:

U \%4
Zu:1 ZU:L(%,M)g@ |Eref (Tus Yo) — B (Tus yo)

&= U v
Zu:l szl,(mu7yu)¢® |E""ef (xu7y7j>|

(22)

where O represents an area excluded from the evaluation. This expression is typically used to evaluate the
difference between fields radiated from a reference virtual array and an array enhanced by metamaterial lens,
where the comparison is made outside the lens region (i.e., © is the boundary of the synthesized lens).

1.6 Anisotropy Measures

e Maximum lens permittivity

max {g} = max{ep (r); p.q € {1,2,3}}

e Minimum lens permittivity
min {g} = mig {epg (v); p,q € {1,2,3}}
£ e
e Average fractional anisotropy
. 350 o1 () e O,
area (§2) Jreq 23 Uz( )]
e Average relative anisotropy
2
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Where



e 0;(r), i=1,...,3 are the eigenvalues of the permittivity tensor ¢ (r);
3 .
e Tue (1) = M is the average of the eigenvalues;

e (2 is the external perimeter of the lens.

1.7 Directivity

The directivity is defined as

4xF (9,9)
D(0,¢) = ——— - 23
(©,9) 0 fOF(H,qﬁ)sm(G)deqb (23)
where
F(0,6) = |E(6,9)" (24)

is the square of the absolute value of the far-field electric field. Accordingly, the maximum directivity is defined

as

4 max g 4 {F (0, 0)} (25)

Dmax: o m -
o Jo F(0,¢)sin(0) ddde

Note that 47 = 02 " [y sin (0) dfd¢ is the solid angle. Under the hypothesis that

e The array elements are displaced on the (z,y) plane;
e The array elements are modeled as infinite line sources oriented along the z axis;

e The pattern is computed on the (z,y) plane, i.e., by considering # = Z and 0 < ¢ < 27;

we have that the directivity is computed as

T
D(6=120) = — (26)
(0=5) [ F(0=3.0)do
and
Do = T (0= 5,9)) 1)
Jo"F(0=75,0)dd
where 27 = f027r d¢, and the integral at the denominator is approximated as
2 T Q-1 -
/O F(95,¢)d¢;F(95,¢¢Q)A¢ (28)

where () is the number of pattern samples and A¢ = @2—”1) is the angular step. We then get
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2 Color Legend

Array | Num. Elements | Spacing | Environment | Color
Physical @ Step 1 | N A/2 Free-Space | GREY
Virtual @ Step 2 N’ A/2 Free-Space RED
Physical @ Step 2 N’ < A/2 Free-Space GREEN
Physical @ Step 2 N’ < \/2 Aniso-Lens BLUE
Physical @ Step 2 N’ < A/2 Iso-Lens MAGENTA

Physical @ Step 1 + SI N A/2 Free-Space ORANGE
Physical @ Step 1 + SI N /2 Aniso-Lens CYAN
Physical @ Step 1 + SI N A/2 Iso-Lens BLACK

Table I: Color legend for the different arrays.




3 Test Case # 1 - Triangular Profile, N = 15, N' =17

3.1 Step 1: Expanding the physical array (N = 15, L = 7.0 [\])

Input Parameters
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Figure 2: Transformation regions.

e Physical Array

Number of elements, spacing, aperture: N = 15, d = %, L=7.0]\;

Positions: z, = 0.0, y, € [-L/2,L/2], n=1,...,N;
— Steering angle: ¢ = 0.0 [deg];

— Excitations: I, = 1.0, ¢, = %%ynsin (¢s); n=1,...,N;
e Virtual Geometry

— Dimensions: w’ = 16.0 [A], »’ = 10.0 [A], ¢’ = 16.0 [A];
e QCTO

— Discretization cell dimension: 0.15 [A] (0.01 [A] for source mapping);

3.1.1 Results
e Aperture of the virtual array: L' ~ 7.88 [A];

e Number of equi-spaced elements in L’: N’ = round (% + 1) =17



3.2 Step 2: Compressing the virtual array (N' =17, L' =8.0 [)\])

Input Parameters

Virtual (Free-Space)

12

12

Physical (Lens)
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Figure 3: Transformation regions.

e Virtual Array

— Number of elements, spacing, aperture: N’ =17, d' = %, L'=8.0 [\];

Positions: z, = 0.0, y,, € [-L'/2,L'/2],n=1,...,N’;

Steering angle: ¢5 = 0.0 [deg];

— Excitations: I}, = 1.0, ¢!, = _T%ynsin (¢ps); n=1,...,N';
e Virtual Geometry: same of step 1;

e QCTO: same of step 1;



3.2.1 Results of the Transformation

Lens Permittivity
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Figure 4: Components of the relative permittivity tensor of the lens.
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Figure 5: Isotropic approximate permittivity distribution of the lens.
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Physical Lens Parameters

| Parameter | Value |
Height, h [A 12.70
Width, w [A 16.0

Anisotropic Permittivity Range | [—0.38,2.01]
Isotropic Permittivity Range [0.00,1.95]

Table II: Transformation statistics. Note that we impose w = w’, while A’ is internally chosen.

Virtual Grid Orthogonality
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Figure 6: Orthogonality of the virtual region.
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0 [deg], f = 600 [MHz])

3.2.2 Near-Field Distributions (¢
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Figure 7: Electric field distributions.
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3.2.3 Far-Field Patterns (¢ = 0 [deg], f = 600 [MHz])

-10

Normalized Power Pattern [dB]

N'=17, d'=A/2 (Free-Space)

@ [deg]

N'=17, d'<\/2 (Free-Space) = = =

(a)

N'=17, d'<A/2 (Aniso-Lens) = = =

Normalized Power Pattern [dB]

N'=17, d'=A/2 (Free-Space)

¢ [deq]

N'=17, d'<A\/2 (Free-Space) — — =

(b)

N'=17, d'<A/2 (Iso-Lens) = = =

Figure 8: Comparison between normalized power patterns.

3.2.4 Summary (¢; =0 [deg], f = 600 [MHz])

|| Virtual Array ||

Physical Array

| Environment || Free-Space || Free-Space | Aniso-Lens | Iso-Lens
Number of elements 17 17
Spacing [A] 0.5 < 0.5
Aperture [)] 8.0 7.09
SLL[dB] 13.03 12.43 13.46 10.60
FNBW [deg] 13.60 14.95 10.80 15.76
3dB Beamwidth [deg] 5.98 6.66 4.70 7.45
Matching Error, £ (w.r.t. virtual, outside lens) - 480 x 1071 [ 512 x 1071 | 6.49 x 107!

Table III: Summary.
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3.3 Source Inversion (SI)

Parameters

Before SI

— Number of elements: N’ =17, d’ < \/2;

e After SI
— Number of elements after SI: N = 15, d = %;
— Aperture: L =7.0;
e Radius of the observation domain: rg; = 20.0 [)A];
e Number of field sampling points: ngy = 1000.

3.3.1 Results of the SI

Synthesized Excitations (¢s = 0 [deg], f = 600 [MHz])

B

°

Excitation Phase [rad]

3

Before SI (N=17, d<M2) After S1 (N=15, d=N2) Before SI (=17, d<A2) After SI (N=15, d=A2)

Figure 9: Excitations of the array (N = 15, d = 3) before and after SI.

Check SI: Free-Space Patterns (¢s =0 [deg], f = 600 [MHz])
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Figure 10: Free-space patterns of reference array and synthesized array after SI.
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0 [deg], f = 600 [MHz])

3.3.2 Near-Field Distribution (¢,
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Figure 11: Electric field distributions.
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3.3.3 Far-Field Patterns (¢ = 0 [deg], f = 600 [MHz])
N'=17, d'=A/2 (Free-Space)
N=15, d=A/2 (No-SI, Free-Space) — — =
N'=17, d'<A/2 (Aniso-Lens) = = =
N=15, d=A/2 (SI, Aniso-Lens)
(a)
N'=17, d'=A/2 (Free-Space)
N=15, d=A/2 (No-SI, Free-Space) = = =
N'=17, d'<A/2 (Iso-Lens) = = =
N=15, d=A\/2 (SI, Iso-Lens) =====-=
(b)
Figure 12: Comparison between normalized power patterns.
3.3.4 Final Summary (¢s; =0 [deg], f = 600 [MHz])
‘ || Virtual Array H Physical Array |
| Environment [ Free-Space [ Free-Space (No-SI) | Aniso-Lens (SI) | Iso-Lens (SI) |
Number of elements 17 15
Spacing [] 0.5 0.5
Aperture [A] 8.0 7.0
SLL|dB] 13.03 12.94 13.44 10.60
FNBW [deg] 13.60 15.31 10.80 15.84
3dB Beamwidth |[deg] 5.98 6.77 4.71 7.53
Matching Error, £ (w.r.t. virtual, outside lens) - 4.60 x 107! 5.19 x 107! 6.52 x 107!

Table IV: Final summary.

16



4 Test Case # 2 - Cosine Profile, N =15, N' =19

4.1 Step 1: Expanding the physical array (N =15, L = 7.0 [A])

Input Parameters

Virtua
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Figure 13: Transformation regions.

Positions: z, = 0.0, y, € [-L/2,L/2], n=1,...,N;

— Steering angle: ¢ = 0.0 [deg];

— Excitations:

I, =1.0, ¢,

= *T%ynsin (¢s); n=1,...,N;

e Virtual Geometry (BEKELE)

Phy

20

15 |

10

5L

ol

5

210 b

-5

-20

-12 -9

sical (Lens)

Transformation Grid
0Q

Number of elements, spacing, aperture: N = 15, d = %, L=7.0]\;

T R S S
6 -3 0 3 6 9 12
XIN

(0)

’

— Dimensions: w’ = 0.5¢' = 16.0 [\, ¥/ = 0.3t/ = 9.6 [A], ¢/ =32.0 [\], I’ = & = 3.2 [\];

e QCTO

— Discretization cell dimension: 0.15 [A] (0.01 [A] for source mapping);

4.1.1 Results

e Aperture of the virtual array: L' ~ 8.89 [A];

e Number of equi-spaced elements in L’: N’ = round (% + 1) =19;

17
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4.2 Step 2: Compressing the virtual array (N’ =19, L' = 9.0 [\])

Input Parameters

Virtual (Free-Space) Physical (Lens)
20 ——————— 20 ———————
15 - B 15 |
10 N 10
L
51 N 5
< . .
S ofh t S o h 4
5| ] 5|
-_—
-10 | Bl -10 W
-5 - N -15 |-
B S —
w
ol vy ol
12-9 -6 -3 0 3 6 9 12 12-9 -6 -3 0 3 6 9 12
X'IN XIN
Transformation Grid rpn=1...N e Transformation Grid T, n=1,... X
0Q —— 00 ——

(a) (0)

Figure 14: Transformation regions.

e Virtual Array

— Number of elements, spacing, aperture: N’ =19, d’ = %, L'=9.0 [\];

Positions: z, = 0.0, y,, € [-L'/2,L'/2],n=1,...,N’;

Steering angle: ¢5 = 0.0 [deg];
— Excitations: I}, = 1.0, ¢!, = _T%ynsin (¢ps); n=1,...,N';

— Operating frequency: f = 600 [MHz];
e Virtual Geometry: same of step 1;

e QCTO: same of step 1;
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4.2.1 Results of the Transformation

Lens Permittivity
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Figure 15: Components of the relative permittivity tensor of the lens.
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Figure 16: Isotropic approximate permittivity distribution of the lens.
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Physical Lens Parameters

| Parameter | Value |
Height, A [A 10.86
Width, w [A 16.0

Anisotropic Permittivity Range | [—1.31,379.05]
Isotropic Permittivity Range [0.00,242.40]

Table V: Transformation statistics. Note that we impose w = w’, while b’ is internally chosen.

Virtual Grid Orthogonality
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Figure 17: Orthogonality of the virtual region.
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4.2.2 Near-Field Distributions (¢ = 0 [deg], f = 600 [MHz])
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Figure 18: Electric field distributions.
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4.2.3 Far-Field Patterns (¢ = 0 [deg], f = 600 [MHz])

Normalized Power Pattern [dB]

N'=19, d'=A/2 (Free-Space)

@ [deg]

N'=19, d'<A/2 (Free-Space) = = =

Normalized Power Pattern [dB]

N'=19, d'=A/2 (Free-Space)

¢ [deq]

N'=19, d'<A\/2 (Free-Space) — — =

(b)

N'=19, d'<A/2 (Iso-Lens) = = =

Figure 19: Comparison between normalized power patterns.

4.2.4 Summary (¢ =0 [deg], f = 600 [MHz])

|| Virtual Array ||

Physical Array

| Environment || Free-Space || Free-Space | Aniso-Lens | Iso-Lens
Number of elements 19 19
Spacing [A] 0.5 < 0.5
Aperture [)] 9.0 7.06
SLL[dB] 13.15 11.40 12.14 12.15
FNBW [deg] 12.16 14.59 11.89 12.07
3dB Beamwidth [deg] 5.37 6.56 5.28 5.32
Matching Error, £ (w.r.t. virtual, outside lens) - 6.77 x 1071 [ 4.96 x 1071 | 6.70 x 1071

Table VI: Summary.
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4.3 Source Inversion (SI)

Parameters

Before SI

— Number of elements: N’ =19, d’ < \/2;

e After SI
— Number of elements after SI: N = 15, d = %;
— Aperture: L =7.0;
e Radius of the observation domain: rg; = 20.0 [)A];
e Number of field sampling points: ngy = 1000.

4.3.1 Results of the SI

Synthesized Excitations (¢s = 0 [deg], f = 600 [MHz])

B

°

Excitation Phase [rad]

3

Before SI (N=19, d'<M2) After S1 (N=15, d=N2) Before SI (N'=19, d'<A2) After SI (N=15, d=A2)

Figure 20: Excitations of the array (N = 15, d = %) before and after SI.

Check SI: Free-Space Patterns (¢s =0 [deg], f = 600 [MHz])
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Figure 21: Free-space patterns of reference array and synthesized array after SI.

23



0 [deg], f = 600 [MHz])

4.3.2 Near-Field Distribution (¢,
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Figure 22: Electric field distributions.
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4.3.3

4.3.4

Far-Field Patterns (¢, = 0 [deg], f = 600 [MHz])

N'=19, d'=A/2 (Free-Space)
N=15, d=A/2 (No-SI, Free-Space) — — =

)

)

N'=19, d'<A/2 (Aniso-Lens) = = =
N=15, d=A/2 (SI, Aniso-Lens

(a)

N'=19, d'=A/2 (Free-Space)

N=15, d=A/2 (No-SI, Free-Space) = = =
N'=19, d'<A/2 (Iso-Lens) = = =

N=15, d=A\/2 (SI, Iso-Lens) =====-=

(b)

Figure 23: Comparison between normalized power patterns.

Final Summary (¢s; =0 [deg], f = 600 [MHz])

|| Virtual Array H Physical Array

Environment

[ Free-Space [ Free-Space (No-SI) | Aniso-Lens (SI) | Iso-Lens (SI) |

Number of elements 19 15

Spacing [] 0.5 0.5

Aperture [A] 9.0 7.0

SLL|dB] 13.15 12.94 11.45 11.59
FNBW [deg] 12.16 15.31 11.89 12.16
3dB Beamwidth [deg] 5.37 677 5.29 5.29
Matching Error, £ (w.r.t. virtual, outside lens) - 5.85 x 107! 6.08 x 107! 7.83 x 107!

Table VII: Final summary.

25



4.3.5 Observations

e Using the lens (both anisotropic and isotropic) the FNBW and 3dB BW are reduced for the physical

array. However, the SLL is increased;

e With respect to the previous test case (triangular virtual geometry) in this case we can observe a better
matching between the anisotropic and isotropic lenses. This is motivated by an higher orthogonality of

the virtual region.
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