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Abstract

Due to manufacturing problems or to environmental changes, some deviations
can be observed on the nominal value of amplifiers used in the beamforming
network of planar arrays. As a consequence, the radiated pattern may differ from
the expected one, and the overall system performances can undergo a certain
performance degradation. In this document, an interval analysis (IA)-based
sensitivity tool is proposed to mathematically derive bounds on the radiated field
by planar arrangements starting from the tolerances of the amplifiers of the
control points. The developed approach is based on the Minkowski sum, rather
than on standard Cartesian arithmetic. Some numerical results are shown, to
prove the effectiveness of the Minkowski IA tool in estimating narrower pattern
bounds than the standard Cartesian IA.



1 Numerical Assessment - Planar Array - Analysis vs Amplitude

Tolerance

GOAL: this section considers the analysis of tolerances on the amplifiers of the control points of planar array
with different number of elements, i.e., a 10 x 5 and a 10 x 10 planar array. The amplitude tolerances have
been increased from the 1% to the 5% of the nominal value. The objective is to prove that, when tolerances

on amplifiers are present the use Cartesian or Minkowski intervals lead to the same results.

Array geometry:

e Uniform planar array: N x M =10x 5, N x M =10 x 10

e Inter-element spacing: d, = 0.5 [A\] - dy = 0.5 [A].
Nominal control points:

e Separable distributions:

— z-axis: Dolph-Chebyshev pattern: SLL = 20 [dB].

— y-axis: Dolph-Chebyshev pattern: SLL = 20 [dB].
Tolerances on the control points:

e Amplitude tolerance: da,, = +1%, +3 %, +5 %.

e Phase tolerance: 63, = 0 [deg]
Minkowski sum parameters:

e Number of sides including polygon: L = 720



1.1 10 x 5 Array Elements

Nominal Pattern
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Nominal Pattern Features
BW [v)]—u=0| BW [ul—v=0 | SLL[dB]—u=0| SLL [dB]—v=0 | PP [dB]
0.412 0.196 —20.0 —20.0 29.29
Table VII




1.1.1 Amplitude Error 1%

Interval Pattern
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Figure 24: Infimum of the power pattern Cartesian (a) and Minkowski sum (b),

Supremum of the sum power pattern Cartesian (c¢) and Minkowski (d) sum

Cuts on the plane (0, v) - (u, 0) - Interval Pattern
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1.1.2 Amplitude Error 3%

Interval Pattern
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Figure 26: Infimum of the power pattern Cartesian (a) and Minkowski sum (b),

Supremum of the sum power pattern Cartesian (c¢) and Minkowski (d) sum

Cuts on the plane (0, v) - (u, 0) - Interval Pattern
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1.1.3 Amplitude Error 5%

Interval Pattern
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Figure 28: Infimum of the power pattern Cartesian (a) and Minkowski sum (b),

Supremum of the sum power pattern Cartesian (c¢) and Minkowski (d) sum

Cuts on the plane (0, v) - (u, 0) - Interval Pattern
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1.1.4 Analysis vs Amplitude Tolerance

Pattern
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Interval Beamwidth
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-16 -16

o o
S h=h
- -
. ]
7] n
e
[SLL]
SLL -xee h
24 :
0 1 3 5 0 1 3 5
Amplitude Tolerance, da, % Amplitude Tolerance, da,, %

(a) (0)
Figure 32:



Interval Normalized Power Peak vs Amplitude Tolerance
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Pattern Matching and Normalized Pattern Matching
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Figure 34:
Interval Pattern Features - Cuts on the plane (0, v) - (u, 0)
Plane u =10
Cartesian Sum Minkowski Sum
do, % [BW] [u] SLL [dB] [PP] [dB] [BW] [u] [SLL] [dB] PP [dB]

1 | [0.400, 0.422] | [—20.66, —19.08] | [29.20, 29.36] | [0.400, 0.422]

[—20.66, —19.08]

[29.20, 29.36]

3 | [0.376,0.444] | [-22.11, —17.46] | [29.02, 29.54] | [0.376, 0.444]

[—22.11, —17.46]

[29.02, 29.54]

[0.350, 0.464]

5 | [0.350, 0.464] | [—23.77, —16.03] | [28.84, 29.70]

[~23.77, —16.03]

[28.84, 29.70]

Table VIII:




Plane v =0

Cartesian Sum Minkowski Sum
dan, % [BW] [u] SLL [dB] [PP] [dB] [BW] [u] [SLL] [dB] PP [dB]
1 [0.190, 0.200] | [—20.62, —19.92] | [29.20, 29.36] | [0.190, 0.200] | [-20.62, —19.92] | [29.20, 29.36]
3 [0.178, 0.210] | [—21.95, —17.92] | [29.02, 29.54] | [0.178, 0.210] | [—-21.95, —17.92] | [29.02, 29.54]
5 [0.166, 0.220] | [—23.43, —16.62] | [28.84, 29.70] | [0.166, 0.220] | [—23.43, —16.62] | [28.84, 29.70]
Table I.X:
Pattern Matching A- Ao
Cartesian Sum Minkowski Sum
dan, % A Anorm A Aporm
1 6.27 x 107* | 0.707 | 6.27 x 107% | 0.707
3 198 x 1072 | 0.224 | 1.98x 1072 | 0.224
5 3.59x 1072 | 0.393 | 3.59 x 1072 | 0.393
Table X:

1.1.5 Comments and Observations:

The results are the same in both the cases. This is graphical confirmed by the bounds on the pattern and by
the interval parameters as well as the values of A and Ao As expected, increasing the value of the tolerance

on the amplifiers from 1% to 3% and 5% the interval bounds increase.



1.2 10 x 10 Array Elements

Nominal Pattern

Nominal Pattern Features

Figure 35:
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1.2.1 Amplitude Error 1%

Interval Pattern
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Figure 36: Infimum of the power pattern Cartesian
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1.2.2 Amplitude Error 3%

Interval Pattern
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Figure 38: Infimum of the power pattern Cartesian (a) and Minkowski sum (b),
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1.2.3 Amplitude Error 5%

Interval Pattern
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Figure 40: Infimum of the power pattern Cartesian (a) and Minkowski sum (b),

Supremum of the sum power pattern Cartesian (c¢) and Minkowski (d) sum

Cuts on the plane (0, v) - (u, 0) - Interval Pattern
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1.2.4 Analysis vs Amplitude Tolerance

Pattern
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Interval Normalized Power Peak vs Amplitude Tolerance

0.5 0.5
e e
g 03 e g o3 =
B 02 [ e ¥ 02 b e
§ o1f § ol o
5 op= g o=
§ 0.0 Fr e § 0.4 F P
g 0.2 o e g 02 o
2 .03 [PProm T 2 .03 [PPhom T
oaf PRI T 04| PP
e 4 R e g
0.5 . -0.5
0 1 3 5 0 1 3 5
Amplitude Tolerance, da, % Amplitude Tolerance, da,, %
(a) (0)
Figure 45:
Pattern Matching and Normalized Pattern Matching
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Figure 46:
Interval Pattern Features - Cuts on the plane (0, v) - (u, 0)
Plane u =10
Cartesian Sum Minkowski Sum
Sowm | [BW] [u] SLL [dB] [PP] [dB] (BW] [u] [SLL) [dB] PP [dB]
1% [0.190, 0.200] [*20.62, f19.92] [35.75, 35.93] [0.190, 0.200] [720.62, 719.92] [35.75, 35.93]

3% | [0.178, 0.210] | [-21.95, —17.92] | [35.58, 36.10] | [0.178, 0.210]

[—21.95, —17.92]

35.58, 36.10]

5% [0.166, 0.220]

0.166, 0.220] | [—23.43, —16.62] | [35.40, 36.27]

[—23.43, —16.62]

[35.40, 36.27]

Table X11:

14




Plane v =0

Cartesian Sum Minkowski Sum

o | [BW] [u] SLL [dB] [PP] [dB] (BW] [u] [SLL) [dB] PP [dB]

1% | [0.190, 0.200] | [—20.62, —19.92] | [35.75, 35.93] | [0.190, 0.200] | [—20.62, —19.92] | [35.75, 35.93]

3% | [0.178, 0.210] | [-21.95, —17.92] | [35.58, 36.10] | [0.178, 0.210] | [—21.95, —17.92] | [35.58, 36.10)

5% | [0.166, 0.220] | [—23.43, —16.62] | [35.40, 36.27] | [0.166, 0.220] | [—23.43, —16.62] | [35.40, 36.27]

Table XIII:
Pattern Matching A- A,
Cartesian Sum Minkowski Sum
5an A Anorm A Anorm

1% | 3.62x 1073 | 0.083 | 3.62x 1072 | 0.083

3% | 1.19x 1072 | 0.277 | 1.19x 1072 | 0.277

5% | 220 x 1072 | 0.511 | 2.20x 1072 | 0.511

Table X1V

1.2.5 Comments and Observations:

Also for a bigger planar array, the results are the same in both the cases. This is graphical confirmed by the
bounds on the pattern and by the interval parameters as well as the values of A and A, . As expected,

increasing the value of the tolerance on the amplifiers from 1% to 5% the bounds increase.
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