Statistical Validation of a BCS-based Technique
for Perfect Electric Conductors Retrieval

L. Poli, G. Oliveri, A. Massa

Abstract

In this report, a statistical analysis of the local shape function multi-task Bayesian
compressive sensing technique is proposed. Accuracy and robustness of the
technique has been evaluated varying the number and the position of the sparse
PEC objects inside investigation domains of different size.



1 TESTS Domain L = 2.00\
1.1 Tests Random Objects [ = 0.15\

GoAL: show the performances of BC'S when dealing with a sparse scatterer
e Number of Views: V
e Number of Measurements: M
e Number of Cells for the Inversion: N

Number of Cells for the Direct solver: D

e Side of the investigation domain: L

Test Case Description
Direct solver:
e Square domain divided in VD x /D cells
e Domain side: L = 2\
e D = 676 (discretization for the direct solver: < \/10)

Investigation domain:

e Square domain divided in VN x /N cells
o [ =2\
o 2ka=2x 2 x LY2 —17.77

Mﬂ
= ~ 162

_ ox%x
- 2

o #DOF = 2k’
e N scelto in modo da essere vicino a #DOF: N = 169 (13 x 13)
Measurement domain:
e Measurement points taken on a circle of radius p = 2\
e Full-aspect measurements
o M ~2ka — M =18
Sources:
e Plane waves
o V=2ka —V =18
e Amplitude: A =1
e Frequency: 300 MHz (A = 1)
PEC Objects:
e Two square cylinders of side %)\ =~ (0.15A

e S sparse square cylinders of side %)\ >~ 0.151 (S € {1, 2, 3,4, 5, 6, 7, 8}). In order to get a statistical validation,
for each value of S the simulation has been repeat for 20 times, changing the distribution of the objects inside
the investigation domain



MT-BCS-based technique parameters:

e Gamma prior on noise variance parameter: a =5 x 1072
e Gamma prior on noise variance parameter: b =5 x 1072
e Convergenze parameter: 7 = 1.0 x 1078

e Threshold: n = 0.27



Reconstruction Profiles: S =2 Sparse Cylinders - Best Case
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Figure 1. Actual object (a) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
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(¢c), SNR =20 [dB] (d) and SNR = 10 [dB] (e).



Reconstruction Profiles: S =2 Sparse Cylinders - Worst Case
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Figure 2. Actual object (a) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =4 Sparse Cylinders - Best Case

1
T
0.5 . —
g of .
-0.5 —
. 1
_1 Il Il Il
-1 0.5 0 0.5 1

0.5 ] B 0.5 [
s o B s o
0.5 J 0.5
| 1 |
-1 1 1 1 K 1 1 1
0.5 0 0.5 1 0.5 0 0.5
x/\ X/h
(b) (¢)
1 1
0.5 [} E 0.5 [}
s o E s o
0.5 E 0.5
| 1 |
-1 1 1 1 -1 1 1 1
0.5 0 0.5 1 0.5 0 0.5

Figure 3. Actual object (a) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).



Reconstruction Profiles: S =4 Sparse Cylinders - Worst Case
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Figure 4. Actual object (a) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).



Reconstruction Profiles: S =6 Sparse Cylinders - Best Case
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Figure 5. Actual object (a) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).



Reconstruction Profiles: S =6 Sparse Cylinders - Worst Case
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Figure 6. Actual object (a) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =8 Sparse Cylinders - Best Case
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Figure 7. Actual object (a) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =8 Sparse Cylinders - Worst Case
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Figure 8. Actual object (a) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
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Resume: Domain L = 2.0\ - Statistical Analysis - Error Figures
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Figure 9. Statistical Analysis - Behavior of mean, maximum and minimum of the error figures as a
function of S of the total error &, (a), internal error &;,,; (b) and external error .. (¢).
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2 TESTS Domain L = 3.00\
2.1 Tests Random Objects [ = (.16

GoAL: show the performances of BC'S when dealing with a sparse scatterer
e Number of Views: V
e Number of Measurements: M
e Number of Cells for the Inversion: N

Number of Cells for the Direct solver: D

e Side of the investigation domain: L

Test Case Description
Direct solver:
e Square domain divided in VD x /D cells
e Domain side: L = 3\
e D = 1296 (discretization for the direct solver: < A\/10)

Investigation domain:

e Square domain divided in VN x /N cells
o [ =3\
o 2ka=2x 2 x LY2 = 26.66

Mﬂ
= =~ 364.5

_ ox%x
- 2

o #DOF = 2k’
e N scelto in modo da essere vicino a #DOF: N = 324 (18 x 18)
Measurement domain:
e Measurement points taken on a circle of radius p = 3\
e Full-aspect measurements
o M ~2ka — M =27
Sources:
e Plane waves
o Vx2ka—V =27
e Amplitude: A =1
e Frequency: 300 MHz (A = 1)
PEC Objects:

e Two square cylinders of side % =~ 0.16A

e S sparse square cylinders of side % >~ 0.161 (S € {1, 2, 3,4,5,6}). In order to get a statistical validation, for

each value of S the simulation has been repeat for 20 times, changing the distribution of the objects inside the
investigation domain
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MT-BCS-based technique parameters:
e Gamma prior on noise variance parameter: a =5 x 1072
e Gamma prior on noise variance parameter: b =5 x 1072
e Convergenze parameter: 7 = 1.0 x 1078

e Threshold: n = 0.27
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Reconstruction Profiles: S =2 Sparse Cylinders - Best Case
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Figure 10. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).



Reconstruction Profiles: S =2 Sparse Cylinders - Worst Case
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Figure 11. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
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(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =4 Sparse Cylinders - Best Case
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Figure 12. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).

17



Reconstruction Profiles: S =4 Sparse Cylinders - Worst Case
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Figure 13. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =6 Sparse Cylinders - Best Case
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Figure 14. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =6 Sparse Cylinders - Worst Case
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Figure 15. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =8 Sparse Cylinders - Best Case
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Figure 16. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =8 Sparse Cylinders - Worst Case
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Figure 17. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S = 10 Sparse Cylinders - Best Case
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Figure 18. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S = 10 Sparse Cylinders - Worst Case

y/N

o

T
-I- | |

Il

y/h

o

T

.I- | |

0.5 B 0.5 B
| |
1 r ] B 1+ ] B
1.5 1 1 1 1 1 1.5 1 1 1 1 1
1.5 1 0.5 0 0.5 1 1.5 -1.5 1 0.5 0 0.5 1 1.5
x/\ X/h

y/in
o
T
.l H B

Il
y/h

.I o h
T

"
Il

0.5 - B 05 - B
| |
1+ u 4 1+ u 4
15 1 1 1 1 1 15 1 1 1 1 1
1.5 1 0.5 0 0.5 1 1.5 15 1 0.5 0 0.5 1 15
XN X/\

Figure 19. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).

24



Resume: Domain L = 3.0\ - Statistical Analysis - Error Figures
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Figure 20. Statistical Analysis - Behavior of mean, maximum and minimum of the error figures as a
function of S of the total error &, (a), internal error &;,,; (b) and external error ..+ (¢).
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2.2 Tests Random Objects [ = 0.33\

GoAL: show the performances of BC'S when dealing with a sparse scatterer
e Number of Views: V
e Number of Measurements: M
o Number of Cells for the Inversion: N

Number of Cells for the Direct solver: D

Side of the investigation domain: L

Test Case Description
Direct solver:

e Square domain divided in VD x /D cells

e Domain side: L = 3\

e D = 1296 (discretization for the direct solver: < A\/10)
Investigation domain:

e Square domain divided in VN x /N cells

o [ =3\

o 2ka=2x 2 x LY2 = 26.66

_ (2ka)? _ (2x2ExLyy?
o #DOF = Zkel” - BXS X

~ 364.5
e N scelto in modo da essere vicino a #DOF: N = 324 (18 x 18)
Measurement domain:
e Measurement points taken on a circle of radius p = 3\
e Full-aspect measurements
o M ~2ka — M =27
Sources:
e Plane waves
o Vx2ka—V =27
e Amplitude: A =1
e Frequency: 300 MHz (A = 1)
PEC Objects:
A~

e Two square cylinders of side § = 0.33\

e S sparse square cylinders of side % >~ 0.33X (S € {1, 2, 3,4, 5}). In order to get a statistical validation, for

each value of S the simulation has been repeat for 20 times, changing the distribution of the objects inside the
investigation domain

MT-BCS-based technique parameters:
e Gamma prior on noise variance parameter: a =5 x 1072
e Gamma prior on noise variance parameter: b =15 x 1072
e Convergenze parameter: 7 = 1.0 x 1078

e Threshold: n = 0.27
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Reconstruction Profiles: S =2 Sparse Cylinders [ = 0.33)\- Best Case
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Figure 21. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =2 Sparse Cylinders [ = 0.33)\ - Worst Case
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Figure 22. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).

28



Reconstruction Profiles: S =3 Sparse Cylinders [ = 0.33)\ - Best Case
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Figure 23. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =3 Sparse Cylinders [ = 0.33)\ - Worst Case
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Figure 24. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =4 Sparse Cylinders [ = 0.33)\ - Best Case
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Figure 25. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =4 Sparse Cylinders [ = 0.33)\ - Worst Case
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Figure 26. Actual object (a¢) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =5 Sparse Cylinders [ = 0.33)\ - Best Case
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Figure 27. Actual object (a¢) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =5 Sparse Cylinders [ = 0.33)\ - Worst Case
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Figure 28. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Resume: Domain L = 3.0\ - Statistical Analysis - Error Figures
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Figure 29. Statistical Analysis - Behavior of mean, maximum and minimum of the error figures as a
function of S of the total error &, (a), internal error &;,,; (b) and external error ..+ (¢).
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3 TESTS Domain L = 4.00\
3.1 Tests Random Objects [ = (.15

GoAL: show the performances of BC'S when dealing with a sparse scatterer
e Number of Views: V
e Number of Measurements: M
e Number of Cells for the Inversion: N

Number of Cells for the Direct solver: D

e Side of the investigation domain: L

Test Case Description
Direct solver:
e Square domain divided in VD x /D cells
e Domain side: L = 3\
e D = 1296 (discretization for the direct solver: < A\/10)

Investigation domain:

e Square domain divided in VN x /N cells
o [, =4\
o 2ka=2x 28 x LY2 — 3545

Mﬂ
2 ~ 648

_ ox%x
- 2

o #DOF = 2k’
e N scelto in modo da essere vicino a #DOF: N = 676 (26 x 26)
Measurement domain:
e Measurement points taken on a circle of radius p = 3\
e Full-aspect measurements
o M ~2ka — M = 36
Sources:
e Plane waves
o Vx2ka —V =36
e Amplitude: A =1
e Frequency: 300 MHz (A = 1)
PEC Objects:
e Two square cylinders of side %)\ =~ (0.15A

e S sparse square cylinders of side %)\ >~ 0.151 (S € {1,2,3,4,5,6,7,8,9,10, 11, 12}). In order to get a
statistical validation, for each value of S the simulation has been repeat for 20 times, changing the distribution
of the objects inside the investigation domain
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MT-BCS-based technique parameters:
e Gamma prior on noise variance parameter: a =5 x 1072
e Gamma prior on noise variance parameter: b =5 x 1072
e Convergenze parameter: 7 = 1.0 x 1078

e Threshold: n = 0.27
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Reconstruction Profiles: S =6 Sparse Cylinders - Best Case
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Figure 30. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =6 Sparse Cylinders - Worst Case
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Figure 31. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =8 Sparse Cylinders - Best Case
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Figure 32. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =8 Sparse Cylinders - Worst Case
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Figure 33. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S = 10 Sparse Cylinders - Best Case
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Figure 34. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S = 10 Sparse Cylinders - Worst Case
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Figure 35. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =12 Sparse Cylinders - Best Case
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Figure 36. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S = 12 Sparse Cylinders - Worst Case
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Figure 37. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).



Resume: Domain L = 4.0\ - Statistical Analysis - Error Figures
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Figure 38. Statistical Analysis - Behavior of mean, maximum and minimum of the error figures as a
function of S of the total error &, (a), internal error &;,,; (b) and external error ..+ (¢).
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4 TESTS Domain L = 5.00\
4.1 Tests Random Objects | = 0.15\

GoAL: show the performances of BC'S when dealing with a sparse scatterer
e Number of Views: V
e Number of Measurements: M
e Number of Cells for the Inversion: N

Number of Cells for the Direct solver: D

e Side of the investigation domain: L

Test Case Description
Direct solver:
e Square domain divided in VD x /D cells
e Domain side: L = 3\
o D = 4096 (discretization for the direct solver: < A\/10)

Investigation domain:

e Square domain divided in VN x /N cells
o [, =4\
o 2ka=2x 28 x LY2 — 4443

Mﬂ
= ~ 1012.3

_ ox%x
- 2

o #DOF = 2k’
e N scelto in modo da essere vicino a #DOF: N = 1024 (32 x 32)
Measurement domain:
e Measurement points taken on a circle of radius p = 5\
e Full-aspect measurements
o M ~2ka — M =45
Sources:
e Plane waves
o V2ka —V =45
e Amplitude: A =1
e Frequency: 300 MHz (A = 1)
PEC Objects:
e Two square cylinders of side %)\ =~ (0.16A

e S sparse square cylinders of side 3%)\ >~ 0.16)\ (S € {2, 4, 6, 8, 10, 12, 14, 16, 18, 20}). In order to get a
statistical validation, for each value of S the simulation has been repeat for 20 times, changing the distribution
of the objects inside the investigation domain
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MT-BCS-based technique parameters:
e Gamma prior on noise variance parameter: a =5 x 1072
e Gamma prior on noise variance parameter: b =5 x 1072
e Convergenze parameter: 7 = 1.0 x 1078

e Threshold: n = 0.27
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Reconstruction Profiles: S = 10 Sparse Cylinders - Best Case
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Figure 39. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S = 10 Sparse Cylinders - Worst Case
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Figure 40. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S =12 Sparse Cylinders - Best Case
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Figure 41. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).



Reconstruction Profiles: S = 12 Sparse Cylinders - Worst Case
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Figure 42. Actual object (a¢) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]

(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).



Reconstruction Profiles: S = 14 Sparse Cylinders - Best Case
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Figure 43. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).



Reconstruction Profiles: S = 14 Sparse Cylinders - Worst Case
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Figure 44. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).



Reconstruction Profiles: S = 16 Sparse Cylinders - Best Case
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Figure 45. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S = 16 Sparse Cylinders - Worst Case
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Figure 46. Actual object (a¢) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).



Reconstruction Profiles: S = 18 Sparse Cylinders - Best Case
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Figure 47. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).



Reconstruction Profiles: S = 18 Sparse Cylinders - Worst Case
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Figure 48. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).



Reconstruction Profiles: S =20 Sparse Cylinders - Best Case
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Figure 49. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Reconstruction Profiles: S = 20 Sparse Cylinders - Worst Case
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Figure 50. Actual object (@) and MT-BCS reconstructed object for SNR = 50 [dB] (b), SNR = 30 [dB]
(¢), SNR =20 [dB] (d) and SNR = 10 [dB] (e).
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Resume: Domain L = 5.0\ - Statistical Analysis - Error Figures
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Figure 51. Statistical Analysis - Behavior of mean, maximum and minimum of the error figures as a
function of S of the total error &, (a), internal error &;,,; (b) and external error ..+ (¢).
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