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Abstra
tIn this 
ontribution, an analyti
al pro
edure for building the non-radiating part of the equivalent 
ur-rent in inverse s
attering problems is presented. The mathemati
al formulation, 
on
erned with a 2D
on�guration and TM illumination, is provided and dis
ussed.
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1 Introdu
tionIn the framework of inverse s
attering te
hniques, several te
hniques 
onsider the introdu
tion of an equivalent
urrent density de�ned into the diele
tri
 domain. A

ordingly, the problem is formulated in terms of an�inverse sour
e� one through the introdu
tion of an equivalent 
urrent in order to linearize the original inverses
attering problem [1℄[2℄[3℄[4℄. Unfortunately, a typi
al drawba
k of inverse sour
e problems relies in theirnon-uniqueness due to the presen
e of non-radiating 
omponents of the equivalent 
urrents. As far as thepresen
e of non-radiating 
urrents in a volume formulation is 
on
erned, the issue has been dis
ussed in [5℄and an approa
h is presented for the re
onstru
tion of the non-radiating part of the equivalent volumetri
sour
e. Moreover, in [6℄, a wide review and some representative results on the presen
e of non-radiating
urrents as well as about the relationship between non-radiating sour
es and s
attering obje
ts that 
ouldbe invisible under parti
ular illumination 
onditions are reported. As a matter of fa
t, although it has beenproved in [7℄ that a perfe
tly invisible obje
t does not exist, on the other hand, it has been also demonstratedthat a s
attering obje
t 
an be nons
attering at parti
ular dire
tions of illumination [8℄, thus the equivalentinverse sour
e problem in
lude non-radiating 
omponents (i.e. the null spa
e of the operator is not empty).In the following, a preliminary pro
edure for building a non-radiating 
urrent is reported.2 Mathemati
al FormulationIn the framework of inverse sour
e problems, non-radiating 
urrents, QNR(r̄), are 
urrents that �produ
e�elds that are identi
ally zero outside their sour
e volume� [9℄, hen
e they satisfy the following integralrelationship
∫ ∫ ∫

V

QNR(r̄′)G0(|r̄ − r̄′|)dr̄′ ≡ 0 r̄′ ∈ V, r̄ /∈ V (1)where the G0(|r̄ − r̄′|) is the free-spa
e Green's fun
tion. In the following, let us 
onsider a 
urrent Q(r̄)whose support is a two dimensional domain D. As far as 2D problems with TM illuminations are 
on
erned,
Q(r̄) is non radiating [Q(r̄) = QNR(r̄)℄ if

f(ρ̄) =

∫

D

J0(k0|ρ̄ − ρ̄′|)Q(ρ̄′)dρ̄′ ≡ 0 , ∀ ρ̄ (2)
J0(x) being the (
ylindri
al) Bessel fun
tion of the �rst kind and zero-th order and |ρ̄| = ρ =

√

x2 + y2.
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2.1 Building Non-Radiating CurrentsIt is well known that a set of non radiating 
urrents 
an be de�ned for a spheri
al domain in 3D 
ase [6℄[10℄.Con
erning the 2D TM 
ase, let us 
onsider a 
urrent whose support is a 
ir
ular domain of radius a, andhaving the following expression:
Q(ρ) = Q(ρ, ϑ) = [α1Jn(l1ρ/a) + α2Jn(l2ρ/a)] ejnϑ (3)where l1 and l2 are two di�erent zeroes of Jn(x) and α1 and α2 are 
onstants. In order to analyze thenon-radiating 
ondition (2), let us 
ompute f(ρ̄)

f(ρ̄) =

∫

D

J0(k0|ρ̄ − ρ̄′|)Q(ρ̄′)dρ̄′ D = {ρ̄ : ρ ≤ a} (4)Towards this end, let us 
onsider that
J0(k0|ρ̄ − ρ̄′|) =

+∞
∑

µ=−∞

Jµ(kρ′)Jµ(kρ)ejµϑe−jµϑ′ (5)and sin
e dρ̄′ = ρ′dρ′dϑ′, by substituting (5) in (4), we get
∫

ρ6a
J0(k0|ρ̄ − ρ̄′|)Q(ρ̄′)dρ̄′ =

=
∫ 2π

0

∫ a

0

[

∑+∞

µ=−∞
Jµ(kρ′)Jµ(kρ)ejµϑe−jµϑ′

]

[α1Jn(l1ρ
′/a) + α2Jn(l2ρ

′/a)] ejnϑ′

ρ′dρ′dϑ′ =

=
∫ 2π

0

∫ a

0 Jn(kρ′)Jn(kρ)ejµϑ [α1Jn(l1ρ
′/a) + α2Jn(l2ρ

′/a)] ρ′dρ′dϑ′ =

= 2πJn(kρ)ejµϑ
[

α1

∫ a

0
Jn(kρ′)Jn(l1ρ

′/a)ρ′dρ′ + α2

∫ a

0
Jn(kρ′)Jn(l2ρ

′/a)ρ′dρ′
] (6)Moreover, let us re
all that

∫

Jµ(b1x)Jµ(b2x)xdx =
x

b2
1 − b2

2

[b1Jµ+1(b1x)Jµ(b2x) − b2Jµ(b1x)Jµ+1(b2x)] + C (7)hen
e
α1

∫ a

0

Jn(kρ′)Jn(l1ρ
′/a)ρ′dρ′ = −α1

a2

a2k2 − l21
l1Jn(ka)Jn+1(l1) (8)and

α2

∫ a

0

Jn(kρ′)Jn(l2ρ
′/a)ρ′dρ′ = −α2

a2

a2k2 − l22
l2Jn(ka)Jn+1(l2) . (9)
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By rearranging all terms, it turns out that
f(ρ̄) = −2πJn(kρ)ejµϑ

[

α1
a2

a2k2 − l21
l1Jn(ka)Jn+1(l1) + α2

a2

a2k2 − l22
l2Jn(ka)Jn+1(l2)

]

; (10)A

ording to (2), Q(ρ̄) = QNR(ρ̄) if f(ρ̄) = 0, therefore sin
e the following 
ondition
α2 = −α1

a2k2 − l22
a2k2 − l21

l1
l2

Jn+1(l1)

Jn+1(l2)
(11)nulls (10), then a non-radiating 
urrent is obtained by substituting (11) in (3), thus obtaining the followingexpression

QNR(ρ) = α1

[

Jn(l1ρ/a) −
a2k2 − l22
a2k2 − l21

l1
l2

Jn+1(l1)

Jn+1(l2)
Jn(l2ρ/a)

]

ejnϑ. (12)2.2 Testing the Non-Radiating ConditionLet us 
onsider a 2D TM problem where a 
ylindri
al s
atterer of 
ir
ular 
ross-se
tion of radius a lies infree-spa
e. Our aim is to verify whether (1) is satis�ed when 
onsidering QNR(ρ) de�ned in (12).In su
h a s
enario, the integral in (1) turns out to be equal to
∫ ∫

ρ6a

H
(2)
0 (k0|ρ̄ − ρ̄′|)Q(ρ̄′)dρ̄′ (13)sin
e G0(|ρ̄− ρ̄′|) = H

(2)
0 (k0 |ρ̄ − ρ̄′|), H

(2)
0 being the Hankel fun
tion of the se
ond kind of order zero. Thus,we should verify that

∫ ∫

ρ6a

H
(2)
0 (k0|ρ̄ − ρ̄′|)Q(ρ̄′)dρ̄′ =











0 ρ > a

6= 0 ρ 6 a
(14)with Q(ρ̄) = QNR(ρ̄) = α1

[

Jn(l1ρ/a) −
a2k2

−l22
a2k2−l2

1

l1
l2

Jn+1(l1)
Jn+1(l2)Jn(l2ρ/a)

]

ejnϑ;Towards this end, let us 
onsider the following relationships
H

(2)
0 (k |ρ̄ − ρ̄′|) =

+∞
∑

µ=−∞

Jµ(kρ′)H(2)
µ (kρ)ejµ(ϑ−ϑ′) ρ > ρ′ (15)

H
(2)
0 (k |ρ̄ − ρ̄′|) =

+∞
∑

µ=−∞

Jµ(kρ)H(2)
µ (kρ′)ejµ(ϑ−ϑ′) ρ 6 ρ′ (16)and let us �rst substitute (15) and then (16) into equation (14).
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In parti
ular, when ρ > a

∫ ∫

ρ6a

[

+∞
∑

µ=−∞

Jµ(kρ′)H(2)
µ (kρ)ejµ(ϑ−ϑ′)

]

α1

[

Jn(l1ρ
′/a) −

a2k2 − l22
a2k2 − l21

l1
l2

Jn+1(l1)

Jn+1(l2)
Jn(l2ρ

′/a)

]

ejnϑ′

ρ′dρ′dϑ′ =

=

∫ 2π

0

∫ a

0

[

Jn(kρ′)H(2)
n (kρ)ejnϑ

]

α1

[

Jn(l1ρ
′/a) −

a2k2 − l22
a2k2 − l21

l1
l2

Jn+1(l1)

Jn+1(l2)
Jn(l2ρ

′/a)

]

ρ′dρ′dϑ′ =

= H(2)
n (kρ)ejnϑ

∫ 2π

0

dϑ′

∫ a

0

Jn(kρ′)α1

[

Jn(l1ρ
′/a) −

a2k2 − l22
a2k2 − l21

l1
l2

Jn+1(l1)

Jn+1(l2)
Jn(l2ρ

′/a)

]

ρ′dρ′ =

= 2πH(2)
n (kρ)ejnϑ

∫ a

0

Jn(kρ′)α1

[

Jn(l1ρ
′/a) −

a2k2 − l22
a2k2 − l21

l1
l2

Jn+1(l1)

Jn+1(l2)
Jn(l2ρ

′/a)

]

ρ′dρ′ =

= 2πH(2)
n (kρ)ejnϑ

[

α1

∫ a

0

Jn(kρ′)Jn(l1ρ
′/a)ρ′dρ′ −

a2k2 − l22
a2k2 − l21

l1
l2

Jn+1(l1)

Jn+1(l2)

∫ a

0

Jn(kρ′)Jn(l2ρ
′/a)ρ′dρ′

]

= 0(17)Sin
e the two integrals within the square bra
ket in the last row of (17) are the same of Eq. (6), wheretheir sum has been made null by imposing 
ondition (11), it has been proved that the �eld radiated by anon-radiating 
urrent is null outside its support.Otherwise, the �eld inside the support of the 
urrent (ρ ≤ a) is given by
∫ ∫

ρ6a

[

+∞
∑

µ=−∞

Jµ(kρ)H(2)
µ (kρ′)ejµ(ϑ−ϑ′)

]

α1

[

Jn(l1ρ
′/a) −

a2k2 − l22
a2k2 − l21

l1
l2

Jn+1(l1)

Jn+1(l2)
Jn(l2ρ

′/a)

]

ejnϑ′

ρ′dρ′dϑ′ =

=

∫ 2π

0

∫ a

0

[

Jn(kρ)H(2)
n (kρ′)ejnϑ

]

α1

[

Jn(l1ρ
′/a) −

a2k2 − l22
a2k2 − l21

l1
l2

Jn+1(l1)

Jn+1(l2)
Jn(l2ρ

′/a)

]

ρ′dρ′dϑ′ =

= 2πJn(kρ)ejnϑ

∫ a

0

H(2)
n (kρ′)α1

[

Jn(l1ρ
′/a) −

a2k2 − l22
a2k2 − l21

l1
l2

Jn+1(l1)

Jn+1(l2)
Jn(l2ρ

′/a)

]

ρ′dρ′ (18)Sin
e
H(2)

n (x) = Jn(x) − jYn(x) (19)where Jn(x) and Yn(x) are the Bessel fun
tions of the �rst and se
ond kind of order n, respe
tively, bysubstituting (19) into (18) it results that
2πJn(kρ)ejnϑ

∫ a

0

[Jn(kρ′) − jYn(kρ′)] α1

[

Jn(l1ρ
′/a) −

a2k2 − l22
a2k2 − l21

l1
l2

Jn+1(l1)

Jn+1(l2)
Jn(l2ρ

′/a)

]

ρ′dρ′ =

−j2πJn(kρ)ejnϑ

∫ a

0

Yn(kρ′)α1

[

Jn(l1ρ
′/a) −

a2k2 − l22
a2k2 − l21

l1
l2

Jn+1(l1)

Jn+1(l2)
Jn(l2ρ

′/a)

]

ρ′dρ′ 6= 0where for the real part the same 
on
lusions as obtained in (17) holds true, while the imaginary part is notnegligible and generally it is di�erent to zero, thus demonstrating that the s
attered �eld inside the supportof the 
urrent is not ne
essarily null. Hen
e a 
urrent de�ned as in (12) in a 2D TM problem does not radiate6



outside its support, but it provides a �eld that is not null inside the sour
e domain. This is a non-radiating
urrent.3 Con
lusionsIn this paper, a pro
edure for indi
ating the non-radiating part of the equivalent 
urrent in inverse s
atteringproblems when formulated in terms of an inverse sour
e and 
on
erned with a 2D 
on�guration and TMillumination, is presented.

7



Referen
es[1℄ M. M. Ney, A. M. Smith, and S. S. Stu
hly, �A solution of ele
tromagneti
 imaging using pseudoinversetransformation,� IEEE Trans. Med. Imag., vol. 3, pp. 155-162, 1984.[2℄ S. Caorsi, G. L. Gragnani, and M. Pastorino, �Equivalent 
urrent density re
onstru
tion for mi
rowaveimaging re
onstru
tion,� IEEE Trans. Mi
rowave Theory Te
h., vol. 37, no. 5, pp. 910-916, May 1989.[3℄ T. M. Habashy, E. Y. Chow, and D. G. Dudley, �Pro�le inversion using the renormalized sour
e-typeintegral equation approa
h,�IEEE Trans. Antennas Propagat., vol. 38, no. 5, pp. 668-681, May 1990.[4℄ S. Caorsi, G. L. Gragnani, and M. Pastorino, �A multiview mi
rowave imaging system for two-dimensional penetrable obje
ts,� IEEE Trans. Mi
rowave Theory Te
h., vol. 39, no. 5, pp. 845-851,May 1991.[5℄ T. M. Habashy, M. L. Oristaglio, and A. T. de Hoop, �Simultaneous nonlinear re
onstru
tion of two-dimensional permittivity and 
ondu
tivity,� Radio S
ien
e, vol. 29, no. 4, pp. 1101-1118, Jul.-Aug. 1994.[6℄ G. Gbur, �Nonradiating sour
es and the inverse sour
e problem�, Ph.D. Thesis, Dept. of Physi
s andAstronomy, University of Ro
hester, Ro
hester, N.Y., 2001.[7℄ E. Wolf and T. Habashy, �Invisible bodies and uniqueness of the inverse s
attering problem,� J. ModernOpt., vol. 40, pp. 785-792, 1993.[8℄ A. J. Devaney, �Nonuniqueness in the inverse s
attering problem,� J. Math. Phys., vol. 19, pp. 1526-1531,1978.[9℄ A. J. Devaney and G. C. Sherman, �Nonuniqueness in inverse sour
e and s
attering problems,� IEEETrans. Antennas Propagat., vol. AP-30, no. 5, Sep. 1982.[10℄ A. Gamliel, K. Kim, A.I. Na
hman, and E. Wolf, �A new method for spe
ifying nonradiating, mono
hro-mati
 sour
es and their �elds�, J. Opt. So
. Am. A, n. 6, pp. 1388-1393, 1989.

8


	CopertinaDISI-ELEDIA.pdf
	OF TRENTO
	DIPARTIMENTO DI INGEGNERIA E SCIENZA DELL’INFORMAZIONE



