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Part I

Numerial Analysis
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1 Phase Range [-135:135℄ - Test Case 1 - 55x55 - Linear Polarization

1.1 K=400, P=10, I=100000

In the Fig. 1 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=2 and is Φ = 4.263× 10−1
.
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Figure 1: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 2 and are numerially

showed in table I.
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Figure 2: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-Norm

urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random seed =

2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 451 358 −179.87 179.63
Seed=1 4.791× 10−1 292 248 −179.23 179.00 1.20× 104

Seed=2 4.263× 10−1 279 229 −179.89 179.26 1.19× 104

Table I: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 3 and numerially in table II.
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Figure 3: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 1.98× 10−3

2 2.05× 10−3

Table II: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.2 K=400, P=20, I=100000

In the Fig. 4 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=2 and is Φ = 3.445× 10−1
.
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Figure 4: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 5 and are numerially

showed in table III.
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Figure 5: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-Norm

urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random seed =

2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 451 358 −179.87 179.63
Seed=1 3.476× 10−1 234 208 −179.84 178.75 2.44× 104

Seed=2 3.445× 10−1 211 220 −177.73 179.60 2.23× 104

Table III: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 6 and numerially in table IV.
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Figure 6: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 1.97× 10−3

2 2.14× 10−3

Table IV: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.3 K=400, P=40, I=100000

In the Fig. 7 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=1 and is Φ = 3.177× 10−1
.
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Figure 7: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 8 and are numerially

showed in table V.
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Figure 8: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-Norm

urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random seed =

2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 451 358 −179.87 179.63
Seed=1 3.177× 10−1 224 202 −179.19 179.82 4.56× 104

Seed=2 3.211× 10−1 228 202 −176.96 178.56 4.53× 104

Table V: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 9 and numerially in table VI.
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Figure 9: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 2.11× 10−3

2 1.81× 10−3

Table VI: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.

1.4 Observation

The best result is obtained with the ombination K = 200 and P = 40. Hovewer, all the results have a very

high variane (at the variation of the random seed) as an be seen, for example, in Fig. 10. Thus, we propose

to inrease the population for the higher value of K.
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1.5 K=400, P=80, I=300000

In the Fig. 10 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=1 and is Φ = 1.919× 10−1
.
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Figure 10: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 11 and are numerially

showed in table VII.
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Figure 11: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).
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Figure 12: Phase Mask mismath for the Minimum-Norm urrent (a), the total urrent for the random seed =

1(b), and for the random seed = 2().

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 451 358 −179.87 179.63
Seed=1 1.919× 10−1 148 165 −178.42 178.19 2.09× 105

Seed=2 2.329× 10−1 177 157 −179.25 177.57 1.11× 105

Table VII: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 13 and numerially in table VIII.
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Figure 13: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

ELEDIA�UniTN - DICAM, University of Trento - Student Report page 15/39



Seed ξ

1 1.73× 10−3

2 1.67× 10−3

Table VIII: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.6 K=400, P=100, I=100000

In the Fig. 14 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=1 and is Φ = 2.089× 10−1
.
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Figure 14: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 15 and are numerially

showed in table IX.
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Figure 15: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 451 358 −179.87 179.63
Seed=1 2.089× 10−1 167 161 −179.91 177.93 1.06× 105

Seed=2 2.225× 10−1 186 137 −175.59 178.64 1.08× 105

Table IX: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 16 and numerially in table X.
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Figure 16: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 1.85× 10−3

2 2.02× 10−3

Table X: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.7 K=400, P=200, I=100000

In the Fig. 17 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=1 and is Φ = 2.211× 10−1
.
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Figure 17: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 18 and are numerially

showed in table XI.
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Figure 18: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 451 358 −179.87 179.63
Seed=1 2.211× 10−1 171 155 −179.95 178.50 2.24× 105

Seed=2 2.222× 10−1 179 153 −178.96 177.78 2.19× 105

Table XI: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 19 and numerially in table XII.
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Figure 19: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 2.09× 10−3

2 1.81× 10−3

Table XII: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.8 K=800, P=100, I=100000

In the Fig. 20 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=2 and is Φ = 1.697× 10−1
.
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Figure 20: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 21 and are numerially

showed in table XIII.
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Figure 21: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value< φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 451 358 −179.87 179.63
Seed=1 1.999× 10−1 151 149 −178.85 177.20 2.27× 105

Seed=2 1.697× 10−1 143 139 −178.59 178.00 2.12× 105

Table XIII: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 22 and numerially in table XIV.
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Figure 22: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 2.20× 10−3

2 1.82× 10−3

Table XIV: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.9 K=800, P=200, I=100000

In the Fig. 23 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=1 and is Φ = 1.161× 10−1
.
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Figure 23: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 24 and are numerially

showed in table XV.
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Figure 24: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value< φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 451 358 −179.87 179.63
Seed=1 1.161× 10−1 108 102 −175.79 178.84 4.20× 105

Seed=2 1.416× 10−1 130 113 −178.22 175.86 4.27× 105

Table XV: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 25 and numerially in table XVI.
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Figure 25: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 2.02× 10−3

2 1.98× 10−3

Table XVI: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.10 K=800, P=400, I=100000

In the Fig. 26 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=2 and is Φ = 9.787× 10−2
.
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Figure 26: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 27 and are numerially

showed in table XVII.
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Figure 27: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value< φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 451 358 −179.87 179.63
Seed=1 1.318× 10−1 120 117 −176.27 178.12 8.70× 105

Seed=2 9.787× 10−2 94 85 −173.11 179.11 8.75× 105

Table XVII: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 28 and numerially in table XVIII.
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Figure 28: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 2.01× 10−3

2 2.02× 10−3

Table XVIII: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.11 K=800, P=160, I=300000

In the Fig. 29 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=2 and is Φ = 8.129× 10−2
.
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Figure 29: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 30 and are numerially

showed in table XIX.
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Figure 30: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).
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Figure 31: Phase Mask mismath for the Minimum-Norm urrent (a), the total urrent for the random seed =

1(b), and for the random seed = 2().

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 451 358 −179.87 179.63
Seed=1 1.369× 10−1 114 95 −179.25 177.18 3.86× 105

Seed=2 8.129× 10−2 94 90 −178.78 173.59 1.50× 105

Table XIX: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 32 and numerially in table XX.
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Figure 32: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).
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Seed ξ

1 1.75× 10−3

2 1.82× 10−3

Table XX: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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More information on the topis of this doument an be found in the following list of referenes.
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