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Part I

Numerial Analysis
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1 Phase Range [-90:90℄ - Test Case 1 - 55x55 - Linear Polarization

1.1 K=100, P=10, I=100000

In the Fig. 1 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=2 and is Φ = 7.472× 10−1
.
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Figure 1: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 2 and are numerially

showed in table I.
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Figure 2: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-Norm

urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random seed =

2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 7.513× 10−1 755 667 −179.63 179.34 3.01× 103

Seed=2 7.472× 10−1 783 662 −179.77 179.67 2.95× 103

Table I: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 3 and numerially in table II.
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Figure 3: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 2.02× 10−3

2 2.18× 10−3

Table II: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.2 K=100, P=20, I=100000

In the Fig. 4 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=2 and is Φ = 7.047× 10−1
.
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Figure 4: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 5 and are numerially

showed in table III.
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Figure 5: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-Norm

urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random seed =

2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 7.122× 10−1 784 627 −179.34 179.23 5.88× 103

Seed=2 7.047× 10−1 752 649 −179.81 179.61 5.72× 103

Table III: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 6 and numerially in table IV.
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Figure 6: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 2.22× 10−3

2 2.00× 10−3

Table IV: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.3 K=100, P=40, I=100000

In the Fig. 7 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=2 and is Φ = 6.964× 10−1
.
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Figure 7: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 8 and are numerially

showed in table V.
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Figure 8: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-Norm

urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random seed =

2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 7.085× 10−1 728 677 −179.87 179.25 1.14× 104

Seed=2 6.964× 10−1 745 669 −179.69 179.72 1.14× 104

Table V: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 9 and numerially in table VI.
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Figure 9: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 1.95× 10−3

2 1.89× 10−3

Table VI: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.4 K=200, P=10, I=100000

In the Fig. 10 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=1 and is Φ = 7.070× 10−1
.
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Figure 10: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 11 and are numerially

showed in table VII.
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Figure 11: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 7.070× 10−1 727 678 −179.47 179.24 5.65× 103

Seed=2 7.144× 10−1 751 688 −179.29 179.27 5.64× 103

Table VII: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 12 and numerially in table VIII.
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Figure 12: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 2.02× 10−3

2 2.07× 10−3

Table VIII: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.5 K=200, P=20, I=100000

In the Fig. 13 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=2 and is Φ = 6.515× 10−1
.
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Figure 13: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 14 and are numerially

showed in table IX.

ELEDIA�UniTN - DICAM, University of Trento - Student Report page 16/40



Phase Phase �out-of-Mask�

∠
{

J
M

N
p

(x
,y
)}

-10

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

-10 -8 -6 -4 -2  0  2  4  6  8  10

y 
[λ

]

x [λ]

-π

-π/2

0

π/2

π

∠
(J

(x
,y

))
 [r

ad
]

-10

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

-10 -8 -6 -4 -2  0  2  4  6  8  10

y 
[λ

]

x [λ]

-π

-π/2

0

π/2

π

∠
(J

(x
,y

))
 [r

ad
]

(a) (b)

∠
{

J
T
O
T

p
(x
,y
|α
)}

,S
e

e

d

=

1

-10

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

-10 -8 -6 -4 -2  0  2  4  6  8  10

y 
[λ

]

x [λ]

-π

-π/2

0

π/2

π

∠
(J

(x
,y

))
 [r

ad
]

-10

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

-10 -8 -6 -4 -2  0  2  4  6  8  10

y 
[λ

]

x [λ]

-π

-π/2

0

π/2

π

∠
(J

(x
,y

))
 [r

ad
]

() (d)

∠
{

J
T
O
T

p
(x
,y
|α
)}

,S
e

e

d

=

2

-10

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

-10 -8 -6 -4 -2  0  2  4  6  8  10

y 
[λ

]

x [λ]

-π

-π/2

0

π/2

π

∠
(J

(x
,y

))
 [r

ad
]

-10

-8

-6

-4

-2

 0

 2

 4

 6

 8

 10

-10 -8 -6 -4 -2  0  2  4  6  8  10

y 
[λ

]

x [λ]

-π

-π/2

0

π/2

π

∠
(J

(x
,y

))
 [r

ad
]

(e) (f )

Figure 14: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 6.629× 10−1 759 637 −179.99 179.81 1.13× 104

Seed=2 6.515× 10−1 728 653 −179.51 179.11 1.14× 104

Table IX: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 15 and numerially in table X.
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Figure 15: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 2.11× 10−3

2 1.97× 10−3

Table X: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.6 K=200, P=40, I=100000

In the Fig. 16 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=1 and is Φ = 6.080× 10−1
.
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Figure 16: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 17 and are numerially

showed in table XI.
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Figure 17: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 6.080× 10−1 698 587 −179.94 178.51 2.27× 104

Seed=2 6.200× 10−1 681 640 −179.94 179.58 2.25× 104

Table XI: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 18 and numerially in table XII.
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Figure 18: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 1.83× 10−3

2 1.98× 10−3

Table XII: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.7 K=400, P=10, I=100000

In the Fig. 19 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=2 and is Φ = 6.873× 10−1
.

10-1

100

 0  20000  40000  60000  80000  100000

C
os

t, 
Φ

be
st

(i)

Iteration Number, i

Seed=1
Seed=2

Figure 19: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 20 and are numerially

showed in table XIII.
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Figure 20: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 7.004× 10−1 742 671 −179.73 180.00 1.11× 104

Seed=2 6.873× 10−1 739 677 −179.29 178.51 1.11× 104

Table XIII: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 21 and numerially in table XIV.
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Figure 21: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 2.22× 10−3

2 1.80× 10−3

Table XIV: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.8 K=400, P=20, I=100000

In the Fig. 22 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=1 and is Φ = 6.101× 10−1
.
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Figure 22: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 23 and are numerially

showed in table XV.
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Figure 23: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 6.101× 10−1 692 639 −179.53 178.25 2.23× 104

Seed=2 6.177× 10−1 724 637 −178.28 178.38 2.23× 104

Table XV: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 24 and numerially in table XVI.

ELEDIA�UniTN - DICAM, University of Trento - Student Report page 26/40



-0.5

-0.25

 0

 0.25

 0.5

-0.5 -0.25  0  0.25  0.5

v

u

-60

-40

-20

 0

 20

 40

|E
F

F
(u

,v
)|

2  [d
B

]

-0.5

-0.25

 0

 0.25

 0.5

-0.5 -0.25  0  0.25  0.5

v

u

-π

-π/2

0

π/2

π

∠
(E

F
F
(u

,v
))

 [d
eg

]

-0.5

-0.25

 0

 0.25

 0.5

-0.5 -0.25  0  0.25  0.5

v

u

-60

-40

-20

 0

 20

 40

|E
F

F
(u

,v
)|

2  [d
B

]

(a) (b) ()

-0.5

-0.25

 0

 0.25

 0.5

-0.5 -0.25  0  0.25  0.5

v

u

-60

-40

-20

 0

 20

 40
|E

F
F
(u

,v
)|

2  [d
B

]

-0.5

-0.25

 0

 0.25

 0.5

-0.5 -0.25  0  0.25  0.5

v

u

-π

-π/2

0

π/2

π

∠
(E

F
F
(u

,v
))

 [d
eg

]

-0.5

-0.25

 0

 0.25

 0.5

-0.5 -0.25  0  0.25  0.5

v

u

-60

-40

-20

 0

 20

 40

|E
F

F
(u

,v
)|

2  [d
B

]

(d) (e) (f )

Figure 24: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 1.98× 10−3

2 2.14× 10−3

Table XVI: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.9 K=400, P=40, I=100000

In the Fig. 25 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=2 and is Φ = 5.735× 10−1
.
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Figure 25: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 26 and are numerially

showed in table XVII.
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Figure 26: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value < φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 5.873× 10−1 687 635 −179.43 179.94 4.47× 104

Seed=2 5.735× 10−1 672 617 −179.63 179.28 4.48× 104

Table XVII: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 27 and numerially in table XVIII.
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Figure 27: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 1.91× 10−3

2 1.96× 10−3

Table XVIII: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.10 K=400, P=100, I=100000

In the Fig. 28 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=2 and is Φ = 5.373× 10−1
.
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Figure 28: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 29 and are numerially

showed in table XIX.
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Figure 29: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value< φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 5.425× 10−1 673 611 −179.63 179.24 1.08× 105

Seed=2 5.373× 10−1 653 598 −178.10 179.40 1.06× 103

Table XIX: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 30 and numerially in table XX.

ELEDIA�UniTN - DICAM, University of Trento - Student Report page 32/40



-0.5

-0.25

 0

 0.25

 0.5

-0.5 -0.25  0  0.25  0.5

v

u

-60

-40

-20

 0

 20

 40

|E
F

F
(u

,v
)|

2  [d
B

]

-0.5

-0.25

 0

 0.25

 0.5

-0.5 -0.25  0  0.25  0.5

v

u

-π

-π/2

0

π/2

π

∠
(E

F
F
(u

,v
))

 [d
eg

]

-0.5

-0.25

 0

 0.25

 0.5

-0.5 -0.25  0  0.25  0.5

v

u

-60

-40

-20

 0

 20

 40

|E
F

F
(u

,v
)|

2  [d
B

]

(a) (b) ()

-0.5

-0.25

 0

 0.25

 0.5

-0.5 -0.25  0  0.25  0.5

v

u

-60

-40

-20

 0

 20

 40
|E

F
F
(u

,v
)|

2  [d
B

]

-0.5

-0.25

 0

 0.25

 0.5

-0.5 -0.25  0  0.25  0.5

v

u

-π

-π/2

0

π/2

π

∠
(E

F
F
(u

,v
))

 [d
eg

]

-0.5

-0.25

 0

 0.25

 0.5

-0.5 -0.25  0  0.25  0.5

v

u

-60

-40

-20

 0

 20

 40

|E
F

F
(u

,v
)|

2  [d
B

]

(d) (e) (f )

Figure 30: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 2.01× 10−3

2 1.98× 10−3

Table XX: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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1.11 K=400, P=200, I=100000

In the Fig. 31 is depited the behaviour of the Cost Funtion varying the random seed. The best value of ost

funtion is ahieved by Seed=1 and is Φ = 5.056× 10−1
.
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Figure 31: Cost Funtion behaviour at di�erent random seed.

At this value of ost funtion the ahieved performane on the Phase are showed in Fig. 32 and are numerially

showed in table XXI.
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Figure 32: Phase (a)()(e) and value of the phase out of the minimization range (b)(d)(f ) of the Minimum-

Norm urrent (∠
{

JMN
p (x, y)

}

)(a)(b), of the total urrent for the random seed = 1()(d) and for the random

seed = 2(e)(f ).

Case Φ Number of value > φMAX
p (x, y) Number of value< φMIN

p (x, y) Phase Range Time [s℄

Min [deg℄ Max [deg℄

MN 1.0 899 663 −179.87 179.63
Seed=1 5.056× 10−1 635 628 −179.59 178.68 2.18× 105

Seed=2 5.097× 10−1 667 599 −177.78 177.09 2.26× 105

Table XXI: Cost Funtion value and statistis about the result.

The veri�ation of the radiated �eld is showed in Fig. 33 and numerially in table XXII.
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Figure 33: Magnitude (a)(d), Phase (b)(e) and Magnitude of the di�erene with respet to the original �eld

()(f ) of the seed=1 (a)(b)() and seed=2 (d)(e)(f ).

Seed ξ

1 1.82× 10−3

2 1.90× 10−3

Table XXII: Integral error of the di�erene between the original �eld and the one radiated by the total urrent.
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