
 
 

Synthesis of Doubly‐Connected Metamaterial 
Coatings within the Material‐by‐Design 

Paradigm 

 
 
 

 
 
 

M. Salucci, A. Polo, and G. Oliveri 
 
 
 
 
 

Abstract 
 

In  this  work,  an  innovative  transformation  electromagnetics  (TE)  method  is 
proposed to design metamaterial lenses with doubly‐connected contours. Such field 
manipulation  devices  (FMDs)  can  be  exploited  to  effectively  design  high‐
performance  conformal  phased  arrays  installed  on  masts  of  arbitrarily‐shaped 
sections. Towards this aim, the design problem is formulated within the Material‐by‐
Design  (MbD)  paradigm  and  it  is  effectively  solved  thanks  to  an  innovative  TE 
methodology based on the Schwarz‐Christoffel (SC) transformation theorem. Some 
numerical results are provided  in order to verify the effectiveness of the proposed 
MbD SC‐TE technique.  



1 Definitions

• Maximum directivity

Dmax(θ, ϕ) =
4πmax(θ,ϕ){|E(θ, ϕ)|

2
}

∫ 2π

0

∫ π

0
|E(θ, ϕ)|

2
sin(θ)dθdϕ

(1)

• Sidelobe level (SLL)

SLL = 20× log10

(

max{F (θ, ϕ)}

max{E(θ, ϕ)}

)

(2)

where F (θ, ϕ) is the E(θ, ϕ) secondary lobes

• Maximum lens permittivity

max{ε} = max
r∈Ω

{εpq(r); p, q ∈ {1, 2, 3}} (3)

• Minimum lens permittivity

min{ε} = min
r∈Ω

{εpq(r); p, q ∈ {1, 2, 3}} (4)

• Average fractional anisotropy

αF =
1

area(Ω)

∫

r∈Ω

√

3
∑3

i=1[σi(r)− σave(r)]2

2
∑3

i=1[σi(r)]2
dr (5)

• Average relative anisotropy

αR =
1

area(Ω)

∫

r∈Ω

√

∑3
i=1[σi(r)− σave(r)]2

3σave(r)
dr (6)

where

– σi(r), i = 1, ..., 3 are the eigenvalues of the permittivity tensor ε(r);

– σave(r) =
∑

3

i=1
σi(r)

3 is the average of the eigenvalues;

– Ω is the space region that defines the lens

• Far-Field Matching Error

ξ =

∑U
u=1

∑V
v=1, (u,v)/∈Ω |Eest(θu, ϕv)− Eref (θu, ϕv)|

2

∑U
u=1

∑V
v=1, (u,v)/∈Ω |Eref (θu, ϕv)|2

(7)

• Near-Field Matching Error

χ =

∑U
u=1

∑V
v=1, (u,v)/∈Ω |Eest(xu, yv)− Eref (xu, yv)|

2

∑U
u=1

∑V
v=1, (u,v)/∈Ω |Eref (xu, yv)|2

(8)
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2 Numerical Assessment

2.1 Analysis Vs. the Number of Elements

2.1.1 Parameters
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Figure 1: (a) Virtual, (b) Physical geometries and (c) the comparison

• Array:

– Number of elements: N = 3, 6

– Radius of circular array: rarray = 1.45 [λ]

– Elements spacing: d = 0.5 [λ]
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• Schwarz-Cristoffel Transformation:

– Virtual Region

∗ Virtual ground plane radius: rvirt−gnd = 1.2 [λ]

∗ Distance from the ground plane: δ = rarray − rvirt−gnd = λ
4

∗ Virtual permittivity: ε = 1

∗ Virtual permeability: µ = 1

– Physical Region

∗ External radius: Lext = 5 [λ]

∗ External Lens boundary : ∂Ωext =
{

(x, y) ∈ R |
√

x2 + y2 = Lext

}

[λ]

∗ Internal Lens boundary: ∂Ωint = {(1.2; 0), (0; 1.2); (−1.2; 0), (0,−1.2)} [λ]

∗ Number of points defining the external boundary: next = 30

∗ Number of points defining the internal boundary: nint = 4

• SCTO parameters

– Error tolerance: 10−10

– Number of Gauss-Jacobi points (nodes): 10

– Discretization in virtual grid (outer boundary): ∆ = 0.2 [λ]

• Simulation Environment

– Working frequency: fw = 300 [MHz]

– Simulation region:











x ∈ [−20, 20] [λ]

y ∈ [−20, 20] [λ]

– Near-Field computation:











x ∈ [−20, 20] [λ]

y ∈ [−20, 20] [λ]

– Far-Field computation:











θ = π
2 [rad]

ϕ ∈ [0, π] [rad]

– Mesh settings

∗ Size: sizemesh ∈ [5× 10−4, 0.2]

∗ Maximum growth rate: 1.3

∗ Curvature factor: 0.3

∗ Narrow region resolution: 1

– Simulation region layer thickness: 1
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2.1.2 Results

Number of elements N = 3
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Figure 2: (a) Virtual, (b) Physical geometries and (c) the comparison

Physical Permittivity Properties

Average fractional anisotropy αF 0.22161
Average relative anisotropy αR 0.204644

Table I: Average fractional anisotropy αF and average relative anisotropy αR
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Figure 3: Tensor permittivity values for (a) ε′ρρ, (b) ε′ρϕ, (c) ε′ϕρ, (d) ε′ϕϕ, (e) ε′zz
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mimimum/maximum min max

ε′ρρ 9.2710× 10−1 3.1648

ε′ρϕ −3.5262× 10−1 1.4413× 10−1

ε′ϕρ −3.5262× 10−1 1.4413× 10−1

ε′ϕϕ 3.5526× 10−1 1.0789

ε′zz 7.7227× 10−1 1.6641× 101

global minimum/maximum min{ε′} = −0.35 max{ε′} = 16.64

Table II: Statistics about the permittivity lens reporting minimum and maximum value for every component of ε′, global

minimum min{ε′} and global maximum max{ε′}
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Figure 4: Far-Field Pattern for θ = 90 [deg] and ϕ ∈ [0, 180] [deg]

Virtual Physical Physical (No Lens)

SLL [dB] −14.3896 −7.0740 −6.0314× 10−4

Directivity [dB] 6.0959 4.9318 3.7901
FNBW [deg] 100.2201 88.4242 47.9039
HPBW [deg] 40.9740 45.5978 65.7429

Field Matching Error ξ (7) × 8.5441× 10−2 1.3728× 10−1

Field Matching Error χ (8) × 2.5214× 10−1 7.1538× 10−1

Table III: Pattern values for the virtual, physical and physical (no lens) cases
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Figure 5: Near-Field pattern in the (a) virtual, (b) physical and (c) no-lens
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(a) - Virtual vs. Physical (b) - Virtual vs. Physical (Abs)
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(c) Virtual vs. No-Lens (d) - Virtual vs. No-Lens (Abs)
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Figure 6: Near-Field difference pattern in the (a)(b) virtual vs. physical, (c)(d) virtual vs. no-lens and (e)(f) physical vs.

no-lens. The difference pattern is computed for the (a)(c)(e) cases as |∆Ez | ,
∣

∣Eref
z (x, y)− Eest

z (x, y)
∣

∣

(x,y)/∈Ω
while

for the (b)(d)(f) cases as ∆|Ez | ,
[
∣

∣Eref
z (x, y)

∣

∣− |Eest
z (x, y)|

]

(x,y)/∈Ω
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Number of elements N = 6
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Figure 7: (a) Virtual, (b) Physical geometries and (c) the comparison

Physical Permittivity Properties

Average fractional anisotropy αF 0.22161
Average relative anisotropy αR 0.204644

Table IV: Average fractional anisotropy αF and average relative anisotropy αR
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Figure 8: Tensor permittivity values for (a) ε′ρρ, (b) ε′ρϕ, (c) ε′ϕρ, (d) ε′ϕϕ, (e) ε′zz
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mimimum/maximum min max

ε′ρρ 9.2710× 10−1 3.1648

ε′ρϕ −3.5262× 10−1 1.4413× 10−1

ε′ϕρ −3.5262× 10−1 1.4413× 10−1

ε′ϕϕ 3.5526× 10−1 1.0789

ε′zz 7.7227× 10−1 1.6641× 101

global minimum/maximum min{ε′} = −0.35 max{ε′} = 16.64

Table V: Statistics about the permittivity lens reporting minimum and maximum value for every component of ε′, global

minimum min{ε′} and global maximum max{ε′}
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Figure 9: Far-Field Pattern for θ = 90 [deg] and ϕ ∈ [0, 180] [deg]

Virtual Physical Physical (No Lens)

SLL [dB] −12.7661 −8.6991 −14.8139
Directivity [dB] 8.7011 7.8727 7.2232

FNBW [deg] 48.7143 46.9134 112.2861
HPBW [deg] 21.3416 20.9393 29.9814

Field Matching Error ξ (7) × 5.6240× 10−2 7.7979× 10−2

Field Matching Error χ (8) × 1.3436× 10−1 1.1119

Table VI: Pattern values for the virtual, physical and physical (no lens) cases
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(b) - Physical (c) - Physical (No-Lens)

Figure 10: Near-Field pattern in the (a) virtual, (b) physical and (c) no-lens

ELEDIA Research Center page 12/19



-20

-15

-10

-5

 0

 5

 10

 15

 20

-20 -15 -10 -5  0  5  10  15  20

y/
λ

x/λ

-20

-15

-10

-5

 0

 5

 10

 15

 20

-20 -15 -10 -5  0  5  10  15  20
 0

 0.5

 1

 1.5

 2

|∆
E

z(
x,

y)
| [

V
/m

] x
 1

03

-20

-15

-10

-5

 0

 5

 10

 15

 20

-20 -15 -10 -5  0  5  10  15  20

y/
λ

x/λ

-20

-15

-10

-5

 0

 5

 10

 15

 20

-20 -15 -10 -5  0  5  10  15  20
 0

 0.5

 1

 1.5

 2

∆|
E

z(
x,

y)
| [

V
/m

] x
 1

03

(a) - Virtual vs. Physical (b) - Virtual vs. Physical (Abs)
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(c) Virtual vs. No-Lens (d) - Virtual vs. No-Lens (Abs)
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(e) - Physical vs. No-Lens (f) - Physical vs. No-Lens (Abs)

Figure 11: Near-Field difference pattern in the (a)(b) virtual vs. physical, (c)(d) virtual vs. no-lens and (e)(f) physical vs.

no-lens. The difference pattern is computed for the (a)(c)(e) cases as |∆Ez | ,
∣

∣Eref
z (x, y)− Eest

z (x, y)
∣

∣

(x,y)/∈Ω
while

for the (b)(d)(f) cases as ∆|Ez | ,
[
∣

∣Eref
z (x, y)

∣

∣− |Eest
z (x, y)|

]

(x,y)/∈Ω

ELEDIA Research Center page 13/19



Resume

F
ar

-F
ie

ld
 E

rr
or

, ξ
 [a

rb
itr

ar
y 

un
it]

Number Elements

Physical and No-Lens vs. Number Elements

Physical Physical (No Lens)

 0.05

 0.06

 0.07

 0.08

 0.09

 0.1

 0.11

 0.12

 0.13

 0.14

 3  4  5  6

(a)

N
ea

r-
F

ie
ld

 E
rr

or
, χ

 [a
rb

itr
ar

y 
un

it]

Number Elements

Physical and No-Lens vs. Number Elements

Physical Physical (No Lens)

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 1.2

 3  4  5  6

(b)

Figure 12: (a) Far-field error ξ and (b) near-field error χ for the physical and no-lens cases vs. the number elements
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Figure 13: (a) Maximum directivity [dB] and (b) sidelobe level (SLL) [dB] vs. the number elements
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Figure 14: (a) First-null beamwidth (FNBW) [deg] and (b) half-power beamwidth (HPBW) [deg] vs. the number elements
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3 Conclusions

An innovative transformation electromagnetics methodology based on the Schwarz-Christoffel theory has been proposed

to design conformal phased arrays. The numerical results have shown the effectiveness and the potential of the proposed

method.
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