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Abstract 
 

In  this work, an  innovative Material‐by‐Design  (MbD) methodology  is proposed 
to  address  the  conformal  transformation  of  linear  antenna  arrays. A  two‐step 
quasi‐conformal transformation optics (QCTO) is exploited in order to  match the 
antenna onto arbitrary curved surfaces. Some preliminary numerical results are 
shown,  obtained  by  means  of  full‐wave  simulations  of  the  MbD‐synthesized 
conformal  radiating  systems,  in  order  to  assess  the  effectiveness  of  the 
developed synthesis methodology. 
 



1 Problem Formulation and De�nitions

1.1 Transformation Desription

1.1.1 Single Step TO

Eah transformation involves two domains. In this report, the �rst domain is alled �virtual domain� or �virtual

spae� while the other one is referred to as �physial domain� or �physial spae�. In addition, the terms

�virtual� and �physial� are used to desribe entities in virtual and physial spaes respetively. The retangular

oordinate system in virtual spae is labeled as (x′, y′, z′) whereas in the physial spae the labels (x, y, z) are

used. If the transformation from (x′, y′, z′) to (x, y, z) is de�ned as:

(x, y, z) = Γ (x′, y′, z′) (1)

x = x (x′, y′, z′) (2)

y = y (x′, y′, z′) (3)

z = z (x′, y′, z′) (4)

the Jaobian matrix of the transformation Λ will be:

Λ =




∂x
∂x′

∂x
∂y′

∂x
∂z′

∂y
∂x′

∂y
∂y′

∂y
∂z′

∂z
∂x′

∂z
∂y′

∂z
∂z′



. (5)

For the inverse transformation i.e. (x, y, z) to (x′, y′, z′),

(x′, y′, z′) = Γ′ (x, y, z) (6)

x′ = x′ (x, y, z) (7)

y′ = y′ (x, y, z) (8)

z′ = z′ (x, y, z) (9)

the orresponding Jaobian matrix will be

Λ′ =




∂x′

∂x
∂x′

∂y
∂x′

∂z

∂y′

∂x
∂y′

∂y
∂y′

∂z

∂z′

∂x
∂z′

∂y
∂z′

∂z



. (10)
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and the following relations an be established.

Λ′ = Λ−1
(11)

det
(
Λ′
)
=

1

det
(
Λ
)

(12)

If ε′ and µ′
represent permittivity and permeability tensors in virtual medium respetively,

ε′ =




ε′xx ε′xy ε′xz

ε′yx ε′yy ε′yz

ε′zx ε′zy ε′zz




(13)

µ′ =




µ′
xx µ′

xy µ′
xz

µ′
yx µ′

yy µ′
yz

µ′
zx µ′

zy µ′
zz




(14)

orresponding permittivity and permeability tensors in physial spae an be omputed as follows:

ε =
Λ ε′ ΛT

det
(
Λ
)

(15)

µ =
Λµ′ ΛT

det
(
Λ
) . (16)

If there is a soure with urrent I ′ and urrent density J ′
in virtual spae its orresponding image in the physial

spae an be omputed as

J =
ΛJ ′

det
(
Λ
) . (17)

I = I ′. (18)

1.1.2 Two Step TO

For a asade of transformations: Γ̂ {(x′, y′, z′) → (x∗, y∗, z∗)} followed by Γ̃ {(x∗, y∗, z∗) → (x, y, z)}, the overall

transformation Γ {(x′, y′, z′) → (x, y, z)} an be formulated as follows. In the following disussion, and in the

remaining of this report, when dealing with asade of transformations, the spae de�ned by the oordinates

(x∗, y∗, z∗) will be termed as the Intermediate spae and objets de�ned in this spae will be alled intermediate

objets. Let Λ̂ and Λ̃ represent the Jaobian matries of the transformations Γ̂ and Γ̃ respetively de�ned as:

Λ̂ =




∂x∗
∂x′

∂x∗
∂y′

∂x∗
∂z′

∂y∗
∂x′

∂y∗
∂y′

∂y∗
∂z′

∂z∗
∂x′

∂z∗
∂y′

∂z∗
∂z′




(19)
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Λ̃ =




∂x
∂x∗

∂x
∂y∗

∂x
∂z∗

∂y
∂x∗

∂y
∂y∗

∂y
∂z∗

∂z
∂x∗

∂z
∂y∗

∂z
∂z∗



. (20)

Further more, let

{
ε′, µ′

}
,

{
ε∗, µ∗

}
and

{
ε, µ

}
represent sets of relative permittivity and permeability tensors

in (x′, y′, z′), (x∗, y∗, z∗) and (x, y, z) spaes respetively, while the orresponding urrents are represented

as J ′
, J∗ and J . Considering the transformation: Γ̃ {(x∗, y∗, z∗) → (x, y, z)}, the following relations an be

established:

ε =
Λ̃ ε∗ Λ̃

T

det
(
Λ̃
)

(21)

µ =
Λ̃µ∗ Λ̃

T

det
(
Λ̃
)

(22)

and for the other transformation, Γ̂ {(x′, y′, z′) → (x∗, y∗, z∗)},

ε∗ =
Λ̂ ε′ Λ̂

T

det
(
Λ̂
)

(23)

µ∗ =
Λ̂µ′ Λ̂

T

det
(
Λ̂
) . (24)

Substituting (23) and (24) in (21) and (22) respetively and rearranging terms gives the relationship between

material properties for the overall transformation

ε =

(
Λ̃Λ̂

)
ε′

(
Λ̃Λ̂

)T

det
(
Λ̃Λ̂

)
(25)

µ =

(
Λ̃Λ̂

)
µ′

(
Λ̃Λ̂

)T

det
(
Λ̃Λ̂

) . (26)

Following similar analysis, the urrent soures for the omplete transformation an be related as:

J =

(
Λ̃Λ̂

)
J ′

det
(
Λ̃Λ̂

) . (27)

I = I∗ = I ′. (28)
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1.2 Isotropi Approximation

An isotropi approximation an be made on the permittivity and permeability of the medium (Lens) in the

physial spae under the following assumptions:

• TE or TM mode of propagation.

• Grid lines in virtual spae are �near� orthogonal whih results in a near-isotropi medium in virtual spae.

Under suh assumptions, permittivity and permeability in physial spae will be simpli�ed as:

• For TE mode of propagation:

� Approximate Isotropi permeability: µapprox. = µapprox.
I;

� Constant Approximate permittivity: εapprox. = I;

• For TM mode of propagation:

� Approximate Isotropi permittivity: εapprox. = εapprox.I;

� Constant Approximate permeability: µapprox. = I;

where I is a 3× 3 identity matrix, εapprox. and µapprox.
are omputed by ratio of areas of virtual and physial

transformation grid ells. More spei�ally, for a given unit ell in the physial spae, if its area is approximated

by Aphysical = ∆x∆y, where ∆x and ∆y are hanges in x and y between its opposite orners, and similarly if the

area of the image of this unit ell in virtual spae an be approximated by Avirtual = ∆x′∆y′, the approximate

permittivity or permeability of the unit ell is omputed as:

Avirtual

Aphysical = ∆x′∆y′

∆x∆y .

• For TE mode of propagation:

µapprox. =
Avirtual

Aphysical
=

∆x′∆y′

∆x∆y
(29)

• For TM mode of propagation:

εapprox. =
Avirtual

Aphysical
=

∆x′∆y′

∆x∆y
(30)
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1.3 Transformation Grid Orthogonality (χ)

Sine the orthogonality of the transformation grid is the basis for isotropi approximation, it is quanti�ed as

follows. Figure 1 shows a sample grid intersetion in the omplex plane γ = x+ jy.

γ1

γ2

δ

Figure 1: Desription of grid orthogonality measure: A sample unit ell of a grid in the omplex plane

Referring to Figure 1, and using Euler's notation, γ1 = |γ1| e
j[arg(γ1)]

, γ2 = |γ2| e
j[arg(γ2)]

, where γ1 and γ2 are

vetors forming adjaent sides of the unit ell. The internal angle δ an be omputed as

δ = arg (γ1)− arg (γ2) = arg

(
γ1

γ2

)
.

The o�set from orthogonality χ an then be evaluated as

χ = δ − 90. (31)

1.4 Field Mathing Error (ξ)

The error between a given �eld distribution E and a referene �eld distribution Eref sampled at U and V points

in the x and y diretions respetively (i.e xu ∈ {x1, · · · , xU}, yv ∈ {y1, · · · , yV }) is evaluated as:

ξ =

∑U
u=1

∑V
v=1,(xu,yv)/∈Θ |Eref (xu, yv)− E (xu, yv)|

∑U
u=1

∑V
v=1,(xu,yv)/∈Θ |Eref (xu, yv)|

(32)

where Θ represents an area exluded from the evaluation. This expression is typially used to evaluate the

di�erene between �elds radiated from a referene virtual array and an array enhaned by metamaterial lens,

where the omparison is made outside the lens region (i.e., Θ is the boundary of the synthesized lens).

5



1.5 Anisotropy Measures

• Maximum lens permittivity

max
{
ε
}
= max

r∈Ω
{εpq (r) ; p, q ∈ {1, 2, 3}}

• Minimum lens permittivity

min
{
ε
}
= min

r∈Ω
{εpq (r) ; p, q ∈ {1, 2, 3}}

• Average frational anisotropy

αF =
1

area (Ω)

∫

r∈Ω

√
3
∑3

i=1 [σi (r)− σave (r)]
2

2
∑3

i=1 [σi (r)]
2 dr

• Average relative anisotropy

αR =
1

area (Ω)

∫

r∈Ω

√∑3
i=1 [σi (r)− σave (r)]

2

3σave (r)
dr

Where

• σi (r), i = 1, ..., 3 are the eigenvalues of the permittivity tensor ε (r);

• σave (r) =
∑

3

i=1
σi(r)

3 is the average of the eigenvalues;

• Ω is the external perimeter of the lens.
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2 Preliminary Assessment

2.1 Conf. #1 - Preliminary Transformation Test (No SI)

Input Parameters

• Virtual & Physial Geometries
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Figure 2: Transformation regions and geometri parameters of interest.

Virtual Physial

w′
[λ℄ h′

[λ℄ s′ [λ℄ l′ [λ℄ w [λ℄ h [λ℄ s [λ℄ l [λ℄

16.0 4.5 4.0 0.0 16.0 4.5 4.0 0.5

Table I: Geometri desriptors for virtual and physial geometries.

• Virtual Array

� Number of elements, spaing, aperture: N ′ = 20, d′ = λ
2 , L

′ = 9.5 [λ℄;

� Distane from PEC ground plane (plaed at y′ = 0.0): δ′ = λ
4 ;

� Operating frequeny: f = 600 [MHz℄;

� Steering angle: φs = 90.0 [deg℄;

� Exitations: In = 1.0, ϕn = −2π
λ xnsin (φs + 90); n = 1, ..., N ′

;

• QCTO

� Disretization ell dimension: 0.15 [λ℄ (0.01 [λ℄ for soure mapping);
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2.1.1 Results of the Transformation

Transformation Grids
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Physial Lens Permittivity Tensor
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Figure 4: Components of the relative permittivity tensor of the lens.

Physial Lens Isotropi Approximation
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Grid Orthogonality
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2.1.2 Near-Field Distributions
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Figure 7: Eletri �eld distributions.
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2.1.3 Far-Field Patterns
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2.1.4 Summary

Intermediate Lens

Height 4.5 [λ℄

Width 17.0 [λ℄

Anisotropi Permittivity Range [−0.02, 1.09]
Isotropi Permittivity Range [0.75, 1.09]

Physial Lens

Anisotropi Permittivity Range [−0.03, 1.29]
Isotropi Permittivity Range [0.77, 1.13]

Table II: Transformation statistis.

Virtual Array Intermediate Array Physial Array

Environment Free-Spae Aniso-Lens Iso-Lens Free-Spae Aniso-Lens Iso-Lens

Number of elements 20 20 20
Aperture on x [λ℄ 9.5 9.88 9.02
Aperture on y [λ℄ 0.0 0.01 0.27

Aperture Ratio on x, ρx = {L∗,L}
L′

- 1.04 0.95
SLL[dB℄ 13.12 4.70 6.30 12.89
FNBW [deg℄ 11.43 9.00 11.70 11.70
3dB Beamwidth [deg℄ 5.09 5.30 6.11 5.19

Table III: Summary.
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