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Abstract 
 

In this work, an innovative methodology for the design of planar sub‐arrayed phased 
arrays  composed  by  irregular  arrangements  of  vertical  and  horizontal  domino‐
shaped tiles  is presented. More precisely, the proposed design method  is aimed at 
optimally synthesizing low and medium size arrays through a suitable customization 
of mathematical  tiling  theorems  and  algorithms.  Thanks  to  the  exploitation  of  a 
customized genetic algorithm (GA)‐based optimization strategy, the retrieval of the 
global optimal solution for the problem of finding the complete tiling affording the 
minimum side‐lobe level (SLL) is effectively yielded through the proposed approach. 
A  set of numerical benchmarks  is presented  in order  to assess  the proposed  sub‐
arraying technique for small‐sized problems. 
 



1 Numerial Validation

1.1 SMALL PROBLEM DIMENSION

1.1.1 Test Case #3: Exhaustive Strategy - 6x6 array

Parameters:

• Total Number of Elements: M ×N = 6× 6 = 36

• Spaing: d = λ/2

• Number of Samples along u: 512

• Number of Samples along v: 512

• Steering θ Diretion: θs = 0

• Steering φ Diretion: φs = 0

• Tile: Domino

• Number of Tiles Types: L = 2

� Horizontal

� Vertial

• Number of Single Tile Cell Covering: Di = 2, i = 1, ..., L

• Total Number of Con�gurations: Ctot = 6728

Cost Funtion:

• Target SLL: SLLTARGET
dB

= −20dB

Ψ(T ) =

{

SLL [PT (θ, φ)]
dB

− SLLTARGET

dB

}2

(

SLLTARGET
dB

)2
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RESULTS:
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Conf w

Horizontal 1010111111112111111110101

V ertical 0000011111011101111100000

Worst 0000011011011101101100000

Best 0000011011111111111111111

Table 1. The words for eah seleted on�guration.

SLL [dB℄ D [dBi℄ HPBWaz [deg℄ HPBWel [deg℄ Ψ(T )

Reference −20.0 19.87 19.46 19.46 0.0

Horizontal −14.50 19.84 19.46 18.63 7.569× 10−2

V ertical −14.50 19.84 18.63 19.45 7.569× 10−2

Worst −14.50 19.87 19.25 18.63 7.569× 10−2

Best −18.60 19.89 19.25 19.08 4.921× 10−3

Table 2. Pattern desriptors and �tness values for the presented solutions.
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Re-de�ned �tness:

Ψ(T ) = SLL
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Optimal Solutions

• The following on�gurations are all optimal solutions, i.e. all of them shares with the �best� solution the

same �tness value Ψ(T ) = 4.9× 10−3
, thus the same SLL = −18.60dB
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Power Pattern T ilingConfiguration Excitations
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Power Pattern T ilingConfiguration Excitations
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Conf w

Best− T770 0000011011111111111111111

Conf − T1077 0000011111111111111111111

Conf − T1108 0000011111112111111111111

Conf − T1370 0000101111011110111100001

Conf − T1417 0000101111012110111100001

Conf − T1435 0000101111012210111100001

Conf − T3691 1000011110111101111010000

Conf − T3709 1000011110112101111010000

Conf − T3727 1000011110122101111010000

Conf − T6445 1111111111111111101100000

Conf − T6449 1111111111111111111100000

Conf − T6480 1111111111112111111100000

Table 3. The words for eah seleted on�guration.
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1.1.2 Test Case #4: GA Strategy - 6x6 array - Shemata Approah

NOTE: with respet to the previous test ases the ost funtion is re-de�ned as: Ψ(T ) = SLL

Array Analysis Parameters:

• Total Number of Elements: M ×N = 6× 6 = 36

• Spaing: d = λ/2

• Number of Samples along u: 512

• Number of Samples along v: 512

• Steering θ Diretion: θs = 0

• Steering φ Diretion: φs = 0

Tiling Parameters:

• Tile: Domino

• Number of Tiles Types: L = 2

� Horizontal

� Vertial

• Number of Single Tile Cell Covering: Di = 2, i = 1, ..., L

• Total Number of Con�gurations: Ctot = 6728

• Number of Inner Points: Ninn = 25

Geneti Algorithm Parameters:

• Number of Unknowns: U = 50

• Population Dimension: P = 52

• Maximum Number of Iterations: I = 1000

• Crossover Probability: pcross = 0.9

• Mutation Probability: pmut = 0.01

• Diversi�ed Perentage: pdiv = 10%

Cost Funtion:

Ψ(T ) = SLL

7



Shemata Analysis:
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Figure 1. Generated shematas for a 6× 6 retangular region.
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Figure 2. Shematas sorted �tness (a), and omparison with the exhaustive �tness analysis (b).
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i Schemata Si Ψ(Si)

1 0000000000000000000000000 1.4649× 10−2

2 0000000000001000000000000 1.4649× 10−2

3 0000001110011100111000000 1.9596× 10−2

4 1111111111111111111111111 1.9596× 10−2

5 1111111111112111111111111 1.9596× 10−2

6 1111112221122211222111111 1.4649× 10−2

7 1111112221123211222111111 1.4649× 10−2

Table 1. Shematas words

Observations:

• S1and S7 are the minimal (Tmin) and the maximal (Tmax) tiling on�gurations respetively.
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GA Optimization RESULTS:

 0.01381

 0.013815

 0.01382

 0.013825

 0.01383

 0.013835

 0.01384

 0.013845

 0.01385

 0  200  400  600  800  1000

F
itn

es
s,

 Ψ
(i)

Iteration Index, i

Ψ(i)

 0.01381

 0.013815

 0.01382

 0.013825

 0.01383

 0.013835

 0.01384

 0.013845

 0.01385

 0  200  400  600  800  1000

F
itn

es
s,

 Ψ
(i)

Iteration Index, i

Ψ(i)

seed = 0.0 seed = 0.1

 0.01381

 0.013815

 0.01382

 0.013825

 0.01383

 0.013835

 0.01384

 0.013845

 0.01385

 0  200  400  600  800  1000

F
itn

es
s,

 Ψ
(i)

Iteration Index, i

Ψ(i)

 0.01381

 0.013815

 0.01382

 0.013825

 0.01383

 0.013835

 0.01384

 0.013845

 0.01385

 0  200  400  600  800  1000
F

itn
es

s,
 Ψ

(i)
Iteration Index, i

Ψ(i)

seed = 0.2 seed = 0.3

 0.01381

 0.013815

 0.01382

 0.013825

 0.01383

 0.013835

 0.01384

 0.013845

 0.01385

 0  200  400  600  800  1000

F
itn

es
s,

 Ψ
(i)

Iteration Index, i

Ψ(i)

 0.01381

 0.013815

 0.01382

 0.013825

 0.01383

 0.013835

 0.01384

 0.013845

 0.01385

 0  200  400  600  800  1000

F
itn

es
s,

 Ψ
(i)

Iteration Index, i

Ψ(i)

seed = 0.4 seed = 0.5

 0.01381

 0.013815

 0.01382

 0.013825

 0.01383

 0.013835

 0.01384

 0.013845

 0.01385

 0  200  400  600  800  1000

F
itn

es
s,

 Ψ
(i)

Iteration Index, i

Ψ(i)

 0.01381

 0.013815

 0.01382

 0.013825

 0.01383

 0.013835

 0.01384

 0.013845

 0.01385

 0  200  400  600  800  1000

F
itn

es
s,

 Ψ
(i)

Iteration Index, i

Ψ(i)

seed = 0.6 seed = 0.7

 0.01381

 0.013815

 0.01382

 0.013825

 0.01383

 0.013835

 0.01384

 0.013845

 0.01385

 0  200  400  600  800  1000

F
itn

es
s,

 Ψ
(i)

Iteration Index, i

Ψ(i)

 0.01381

 0.013815

 0.01382

 0.013825

 0.01383

 0.013835

 0.01384

 0.013845

 0.01385

 0  200  400  600  800  1000

F
itn

es
s,

 Ψ
(i)

Iteration Index, i

Ψ(i)

seed = 0.8 seed = 0.9

Figure 3. Fitness of the GA simulations for eah random seed.

10



 0.01381

 0.013815

 0.01382

 0.013825

 0.01383

 0.013835

 0.01384

 0.013845

 0.01385

 0  200  400  600  800  1000

F
itn

es
s,

 Ψ
(i)

Iteration Index, i

trial-01
trial-02
trial-03
trial-04
trial-05
trial-06
trial-07
trial-08
trial-09
trial-10

Figure 4. Fitness of the GA simulations.

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

 0.08

 0  1000  2000  3000  4000  5000  6000  7000

F
itn

es
s,

 Ψ
(T

i)

Sorted Index, i

Ψ(Ti)

 0.0049
 0.00495

 0.005
 0.00505

 0.0051
 0.00515

 0.0052

 6690  6700  6710  6720  6730  6740

iGA=6724

Figure 5. Ordered �tness values of the Exhaustive Strategy ompared with the GA solution - ase seed = 0.0.

 0.013

 0.0135

 0.014

 0.0145

 0.015

 0.0155

 0.016

 0.0165

 0.017

 0.0175

 0.018

 0  5  10  15  20  25  30  35  40  45  50

F
itn

es
s,

 Ψ
(x

k i )

Individual Index, k

i = 1
i = 2

i = 3
i = 4

i = 7
i = 10

 0.0135

 0.014

 0.0145

 0.015

 0.0155

 0.016

 0.0165

 0.017

 0.0175

 0.018

 1  2  3  4  5  6  7  8  9  10
10-7

10-6

10-5

10-4

10-3

A
ve

ra
ge

 F
itn

es
s,

 Ψ—
(x

i)

F
itn

es
s 

V
ar

ia
nc

e,
 σ

2 Ψ
(x

i)

Generation Index, i

average
variance

(a) (b)

Figure 6. Average �tness of the generations (a), and statistis (average and variane) (b) - ase seed = 0.0.

11



 0.01381

 0.013815

 0.01382

 0.013825

 0.01383

 0.013835

 0.01384

 0.013845

 0.01385

 0  20  40  60  80  100
-18.598

-18.596

-18.594

-18.592

-18.59

-18.588

-18.586

F
itn

es
s,

 Ψ
(i)

F
itn

es
s,

 Ψ
(i)

 [d
B

]

Iteration Index, i

Ψ(i)

 0.01381

 0.013815

 0.01382

 0.013825

 0.01383

 0.013835

 0.01384

 0.013845

 0.01385

 0  100  200  300  400  500
-18.598

-18.596

-18.594

-18.592

-18.59

-18.588

-18.586

F
itn

es
s,

 Ψ
(i)

F
itn

es
s,

 Ψ
(i)

 [d
B

]

Iteration Index, i

Ψ(i)

(a) (b)

Figure 7. Fitness of the GA simulation using: (a) the shemata S[1−7] = {S1, S2, S3, S4, S5, S6, S7} for the
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• Observation: onsidering only the sub-optimal shemata does not hange the dynami of the obtained

�tness. The initial population still ontains some �good� individuals, even if only sub-optimal shematas

are used as �starting points� for individuals generation.

Conf w − Exhaustive Solution w−GA Seed

Best− T770 0000011011111111111111111 GA− 1 1111111111112111111100000 {0.0, 0.3, 0.6, 0.7, 0.9}

Conf − T1077 0000011111111111111111111 GA− 2 1111111111111111101100000 {0.1, 0.2, 0.4, 0, 5}

Conf − T1108 0000011111112111111111111 GA− 3 0000011011111111111111111 {0.8}

Conf − T1370 0000101111011110111100001

Conf − T1417 0000101111012110111100001

Conf − T1435 0000101111012210111100001

Conf − T3691 1000011110111101111010000

Conf − T3709 1000011110112101111010000

Conf − T3727 1000011110122101111010000

Conf − T6445 1111111111111111101100000

Conf − T6449 1111111111111111111100000

Conf − T6480 1111111111112111111100000

Table 3. The global optimal solutions and GA solutions words.
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Seed ttot [s℄ K

0.0 4.73× 103 3

0.1 4.77× 103 3

0.2 4.61× 103 2

0.3 4.68× 103 2

0.4 4.73× 103 91

0.5 4.74× 103 2

0.6 4.71× 103 140

0.7 4.86× 103 369

0.8 4.79× 103 2

0.9 4.95× 103 2

Table 5. Timings and number of iterations for onvergene (K).
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SLL [dB℄ D [dBi℄ HPBWaz [deg℄ HPBWel [deg℄ Ψ(T )

Reference −20.0 19.87 19.46 19.46 1.0000× 10−2

GA− 1 −18.5971 19.88 19.35 19.08 1.3813× 10−2

GA− 2 −18.5971 19.88 19.25 19.08 1.3813× 10−2

GA− 3 −18.5971 19.88 19.25 19.08 1.3813× 10−2

Table 4. Pattern desriptors and �tness values for the presented solutions.
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Shemata Analysis

Figure 8. Shemata Analysis.

Observations:

• All the seleted shematas are heavily present in the initial population (in the piture only the �ttest

individuals are reported)

• In the initial generations the shematas are randomly positioned among the binary strings, then at on-

vergene the shematas are positioned as in the global best individual.
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