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Abstract 
 

This work  presents  a  numerical  validation  of  an  innovative  two‐dimensional  (2D) 
microwave  inverse  scattering  technique  exploiting  Bayesian  Compressive  Sensing 
(BCS) and a dictionary of wavelet‐based expansion bases. The goal of the dictionary‐
based  BCS  is  to  provide  faithful  guesses  of  the  dielectric  distribution  inside  the 
imaged scenario even if the unknown objects inside it are not sparse in the standard 
pixel basis. The developed strategy  is based on a two‐level hierarchical application 
of  the  BCS  algorithm.  In  the  first  step,  several  sparsity‐regularized  inversions  are 
performed using the dictionary of candidate bases. In the second step, the retrieved 
vectors are compared and the sparsest reconstruction  is selected. Some numerical 
results are shown,  in order to verify the effectiveness of the developed microwave 
imaging  technique. Moreover,  some  illustrative  results  are  shown  to  compare  its 
performance with respect to competitive state‐of‐the‐art alternatives. 



1 Numeri
al Results

1.1 Obje
t Daub4 #0

Goal: To prove the effe
tiveness of the alphabet based approa
h using an �ad-ho
� s
atterer

for Daube
hies wavelets.

Test Case Des
ription

Obje
t:

• εr,max = 1.025

• σ = 0 [S/m℄

• Number of Daube
hies 
oe�
ients: Nc = 16

Sour
es:

• Plane waves

• Amplitude: A = 1

• Frequen
y: 300 MHz (λ = 1m)

• Number of views: V = 36

Dire
t solver:

• Square domain divided in

√
D ×

√
D 
ells

• D = 4096 (64× 64) (
LD
√

D
=

λ

16
)

Investigation domain:

• Square domain divided in

√
N ×

√
N 
ells

• N = 1024 (32× 32) (
LD
√

N
=

λ

8
)

• LD = 4λ

Measurement domain:

• Measurement points taken on a 
ir
le of radius ρ = 4λ

• M = 36

M-BCS parameters:

• a = 1.0× 10
−2

• b = 1.0× 10
−5
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Figure 1: A
tual and retrieved obje
t (real part) 
onsidering di�erent wavelet expansions.
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Figure 2: A
tual and retrieved obje
t (real part) 
onsidering di�erent wavelet expansions.
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Figure 3: A
tual and retrieved obje
t (imaginary part) 
onsidering di�erent wavelet expansions.
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Figure 4: A
tual and retrieved obje
t (imaginary part) 
onsidering di�erent wavelet expansions.
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Figure 5: Real part of the a
tual and retrieved 
oe�
ients 
onsidering di�erent wavelet expansions.

6



EXP COIF DMEY

N

O

I

S

E

L

E

S

S

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 1  94  187  280  373  466  559  652  745  838  931  1024

R
e{

c(
n)

} 
[a

rb
itr

ar
y 

un
it]

Index, n

τmax=0.03, Noiseless

original retrieved

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 1  94  187  280  373  466  559  652  745  838  931  1024

R
e{

c(
n)

} 
[a

rb
itr

ar
y 

un
it]

Index, n

τmax=0.03, Noiseless

original retrieved

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 1  94  187  280  373  466  559  652  745  838  931  1024

R
e{

c(
n)

} 
[a

rb
itr

ar
y 

un
it]

Index, n

τmax=0.03, Noiseless

original retrieved

S

N

R

=

2

0

d

B

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 1  94  187  280  373  466  559  652  745  838  931  1024

R
e{

c(
n)

} 
[a

rb
itr

ar
y 

un
it]

Index, n

τmax=0.03, SNR=20 dB

original retrieved

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 1  94  187  280  373  466  559  652  745  838  931  1024

R
e{

c(
n)

} 
[a

rb
itr

ar
y 

un
it]

Index, n

τmax=0.03, SNR=20 dB

original retrieved

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 1  94  187  280  373  466  559  652  745  838  931  1024

R
e{

c(
n)

} 
[a

rb
itr

ar
y 

un
it]

Index, n

τmax=0.03, SNR=20 dB

original retrieved

S

N

R

=

1

0

d

B

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 1  94  187  280  373  466  559  652  745  838  931  1024

R
e{

c(
n)

} 
[a

rb
itr

ar
y 

un
it]

Index, n

τmax=0.03, SNR=10 dB

original retrieved

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 1  94  187  280  373  466  559  652  745  838  931  1024

R
e{

c(
n)

} 
[a

rb
itr

ar
y 

un
it]

Index, n

τmax=0.03, SNR=10 dB

original retrieved

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 1  94  187  280  373  466  559  652  745  838  931  1024

R
e{

c(
n)

} 
[a

rb
itr

ar
y 

un
it]

Index, n

τmax=0.03, SNR=10 dB

original retrieved

S

N

R

=

5

d

B

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 1  94  187  280  373  466  559  652  745  838  931  1024

R
e{

c(
n)

} 
[a

rb
itr

ar
y 

un
it]

Index, n

τmax=0.03, SNR=5 dB

original retrieved

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 1  94  187  280  373  466  559  652  745  838  931  1024

R
e{

c(
n)

} 
[a

rb
itr

ar
y 

un
it]

Index, n

τmax=0.03, SNR=5 dB

original retrieved

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 1  94  187  280  373  466  559  652  745  838  931  1024

R
e{

c(
n)

} 
[a

rb
itr

ar
y 

un
it]

Index, n

τmax=0.03, SNR=5 dB

original retrieved

Figure 6: Real part of the a
tual and retrieved 
oe�
ients 
onsidering di�erent wavelet expansions.
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Figure 7: Imaginary part of the a
tual and retrieved 
oe�
ients 
onsidering di�erent wavelet expansions.
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Figure 8: Imaginary part of the a
tual and retrieved 
oe�
ients 
onsidering di�erent wavelet expansions.
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Figure 9: Imaginary part of the a
tual and retrieved 
oe�
ients 
onsidering di�erent wavelet expansions.
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Figure 10: Imaginary part of the a
tual and retrieved 
oe�
ients 
onsidering di�erent wavelet expansions.
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Figure 11: [T = 100%℄ - Comparison of ξtot, and L0, L1, L2 Norms of the retrieved basis expansion 
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for ea
h alphabet basis.
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L0 − norm

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Actual 1024 888 16 1024 1024

Noiseless 112 43 16 39 35

20 116 94 86 91 74

10 142 107 51 91 70

5 152 105 90 97 75

L1 − norm

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Actual 8.00 1.48 1.00 1.25 1.02

Noiseless 8.50 0.51 1.02 0.56 0.57

20 8.41 0.51 1.10 0.56 0.54

10 8.03 0.55 1.25 0.68 0.79

5 7.60 0.67 1.48 0.87 0.75

L2 − norm

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Actual 0.29 0.29 0.29 0.29 0.29

Noiseless 1.24 0.26 0.30 0.38 0.29

20 1.26 0.26 0.31 0.27 0.28

10 1.12 0.26 0.33 0.28 0.33

5 0.97 0.26 0.35 0.28 0.29

Table 1: [T = 100%℄ - Number of the retrieved non-zero 
oe�
ients (L0 − norm), L1 − norm, and L2 − norm

using di�erent wavelet fun
tions.
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Thresholded Analysis:
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Figure 12: Comparison of ξtot, and L0, L1, L2 Norms of the retrieved basis expansion 
oe�
ients, for ea
h

alphabet basis.
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L0 − norm

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Actual 1024 888 16 1024 1024

Noiseless 83 15 16 12 10

20 88 26 19 20 7

10 106 42 29 35 17

5 120 56 47 48 29

L1 − norm

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Actual 8.00 1.48 1.00 1.25 1.02

Noiseless 8.31 0.49 1.02 0.52 0.54

20 8.23 0.46 1.06 0.51 0.50

10 7.86 0.50 1.21 0.63 0.73

5 7.44 0.62 1.42 0.82 0.71

L2 − norm

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Actual 0.29 0.29 0.29 0.29 0.29

Noiseless 1.24 0.26 0.30 0.28 0.29

20 1.26 0.26 0.31 0.28 0.28

10 1.12 0.26 0.33 0.28 0.33

5 0.98 0.26 0.35 0.28 0.29

Table 2: [T = 99.9%℄ - Number of the retrieved non-zero 
oe�
ients (L0 − norm), L1 − norm, and L2 − norm

using di�erent wavelet fun
tions.

L0 − norm

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Actual 1024 888 16 1024 1024

Noiseless 57 8 16 5 4

20 59 7 16 4 4

10 74 12 18 10 6

5 90 22 24 21 11

L1 − norm

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Actual 8.00 1.48 1.00 1.25 1.02

Noiseless 7.74 0.43 1.02 0.47 0.51

20 7.62 0.37 1.02 0.44 0.47

10 7.3 0.37 1.11 0.51 0.66

5 6.96 0.49 1.27 0.70 0.60

L2 − norm

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Actual 0.29 0.29 0.29 0.29 0.29

Noiseless 1.24 0.26 0.30 0.28 0.29

20 1.25 0.26 0.31 0.28 0.28

10 1.11 0.26 0.33 0.27 0.33

5 0.97 0.26 0.35 0.28 0.29

Table 3: [T = 99%℄ - Number of the retrieved non-zero 
oe�
ients (L0 − norm), L1 − norm, and L2 − norm

using di�erent wavelet fun
tions.
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Resume:

T = 100%

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Noiseless 112 43 16 39 35

20 116 94 86 91 74

10 142 107 51 91 70

5 152 105 90 97 75

T = 99.9%

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Noiseless 83 15 16 12 10

20 88 26 19 20 7

10 106 42 29 35 17

5 120 56 47 48 29

T = 99%

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Noiseless 57 8 16 5 4

20 59 7 16 4 4

10 74 12 18 10 6

5 90 22 24 21 11

Table 4: L0 − norm.
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Figure 14: A
tual and retrieved obje
t 
onsidering di�erent wavelet expansions.
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Figure 15: A
tual and retrieved obje
t 
onsidering di�erent wavelet expansions.
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Figure 16: Comparison with SoA - Total Error vs SNR, 
onsidering T = 99.9%.

SNR [dB℄ TV [s℄ CG [s℄ SVD [s℄ ALPHABET [s℄

Noiseless 1.8× 102 6.0× 103 3.5× 101 8.9× 102

20 1.8× 102 7.5× 103 3.4× 101 9.6× 102

10 1.8× 102 6.4× 103 3.6× 101 9.1× 102

5 1.8× 102 6.2× 103 3.6× 101 1.0× 103

Table 5: Timings.

20



Referen
es

[1℄ A. Massa, P. Ro

a, and G. Oliveri, �Compressive sensing in ele
tromagneti
s - A review,� IEEE Antennas

Propag. Mag., pp. 224-238, vol. 57, no. 1, Feb. 2015.

[2℄ A. Massa and F. Texeira, Guest-Editorial: Spe
ial Cluster on Compressive Sensing as Applied to Ele
tro-

magneti
s, IEEE Antennas Wireless Propag. Lett., vol. 14, pp. 1022-1026, 2015.

[3℄ G. Oliveri, N. Anselmi, and A. Massa, �Compressive sensing imaging of non-sparse 2D s
atterers by a

total-variation approa
h within the Born approximation,� IEEE Trans. Antennas Propag., vol. 62, no. 10,

pp. 5157-5170, O
t. 2014.

[4℄ L. Poli, G. Oliveri, and A. Massa, �Imaging sparse metalli
 
ylinders through a Lo
al Shape Fun
tion

Bayesian Compressive Sensing approa
h,� J. Opt. So
. Am. A, vol. 30, no. 6, pp. 1261-1272, 2013.

[5℄ F. Viani, L. Poli, G. Oliveri, F. Robol, and A. Massa, �Sparse s
atterers imaging through approximated

multitask 
ompressive sensing strategies,� Mi
rowave Opt. Te
hnol. Lett., vol. 55, no. 7, pp. 1553-1558, Jul.

2013.

[6℄ M. Salu

i, G. Oliveri, and A. Massa, �GPR prospe
ting through an inverse s
attering frequen
y-hopping

multi-fo
using approa
h,� IEEE Trans. Geos
i. Remote Sens., vol. 53, no. 12, pp. 6573-6592, De
. 2015.

[7℄ M. Salu

i, L. Poli, N. Anselmi and A. Massa, �Multifrequen
y parti
le swarm optimization for enhan
ed

multiresolution GPR mi
rowave imaging,� IEEE Trans. Geos
i. Remote Sens., vol. 55, no. 3, pp. 1305-1317,

Mar. 2017.

[8℄ M. Salu

i, L. Poli, and A. Massa, �Advan
ed multi-frequen
y GPR data pro
essing for non-linear determin-

isti
 imaging,� Signal Pro
essing - Spe
ial Issue on 'Advan
ed Ground-Penetrating Radar Signal-Pro
essing

Te
hniques,' vol. 132, pp. 306-318, Mar
h 2017.

[9℄ L. Poli, G. Oliveri, P. Ro

a, and A. Massa, �Bayesian 
ompressive sensing approa
hes for the re
onstru
tion

of two-dimensional sparse s
atterers under TE illumination,� IEEE Trans. Geos
i. Remote Sens., vol. 51,

no. 5, pp. 2920-2936, May 2013.

[10℄ L. Poli, G. Oliveri, and A. Massa, �Mi
rowave imaging within the �rst-order Born approximation by means

of the 
ontrast-�eld Bayesian 
ompressive sensing,� IEEE Trans. Antennas Propag., vol. 60, no. 6, pp.

2865-2879, Jun. 2012.

[11℄ G. Oliveri, P. Ro

a, and A. Massa, �A bayesian 
ompressive sampling-based inversion for imaging sparse

s
atterers,� IEEE Trans. Geos
i. Remote Sens., vol. 49, no. 10, pp. 3993-4006, O
t. 2011.

[12℄ G. Oliveri, L. Poli, P. Ro

a, and A. Massa, �Bayesian 
ompressive opti
al imaging within the Rytov

approximation,� Opti
s Letters, vol. 37, no. 10, pp. 1760-1762, 2012.

21



[13℄ L. Poli, G. Oliveri, F. Viani, and A. Massa, �MT-BCS-based mi
rowave imaging approa
h through

minimum-norm 
urrent expansion,� IEEE Trans. Antennas Propag., vol. 61, no. 9, pp. 4722-4732, Sep.

2013.

[14℄ N. Anselmi, G. Oliveri, M. Salu

i, and A. Massa, �Wavelet-based 
ompressive imaging of sparse targets�

IEEE Trans. Antennas Propag., vol. 63, no. 11, pp. 4889-4900, Nov. 2015.

[15℄ N. Anselmi, G. Oliveri, M. A. Hannan, M. Salu

i, and A. Massa, �Color 
ompressive sensing imaging of

arbitrary-shaped s
atterers,� IEEE Trans. Mi
row. Theory Te
hn., vol. 65, no. 6, pp. 1986-1999, Jun. 2017.

[16℄ F. Viani, G. Oliveri, and A. Massa, �Compressive sensing pattern mat
hing te
hniques for synthesizing

planar sparse arrays,� IEEE Trans. Antennas Propag., vol. 61, no. 9, pp. 4577-4587, Sept. 2013.

[17℄ G. Oliveri, M. Salu

i, and A. Massa, �Synthesis of modular 
ontiguously 
lustered linear arrays through a

sparseness-regularized solver,� IEEE Trans. Antennas Propag., vol. 64, no. 10, pp. 4277-4287, O
t. 2016.

[18℄ P. Ro

a, M. A. Hannan, M. Salu

i, and A. Massa, �Single-snapshot DoA estimation in array antennas

with mutual 
oupling through a multi-s
aling BCS strategy,� IEEE Trans. Antennas Propag., vol. 65, no.

6, pp. 3203-3213, Jun. 2017.

[19℄ P. Ro

a, M. Benedetti, M. Donelli, D. Fran
es
hini, and A. Massa, �Evolutionary optimization as applied

to inverse problems,� Inverse Probl., vol. 25, pp. 1-41, De
. 2009.

[20℄ P. Ro

a, G. Oliveri, and A. Massa, �Di�erential Evolution as applied to ele
tromagneti
s,� IEEE Antennas

Propag. Mag., vol. 53, no. 1, pp. 38-49, Feb. 2011.

22


