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Abstract 
 

A  key  requirement  to  be  satisfied  when  exploiting  Compressive  Sensing  (CS) 
methods in inverse scattering (IS) problems is that the unknowns (e.g., the contrast 
function  or  the  equivalent  sources)  are  sparse  with  respect  to  the  considered 
expansion basis. State‐of‐the‐art CS‐based microwave  imaging  techniques  typically 
consider  single‐resolution  pixel‐based  representations,  limiting  their  domain  of 
applicability  to  the  retrieval  of  few  and  isolated  pixels  within  the  investigated 
domain.  Within  this  framework,  this  work  is  aimed  at  extending  the  range  of 
applicability of CS‐based approaches  to  the retrieval of unknown scatterers having 
arbitrary  shape  and  dimensions.  Since  in  real  applications  no  a‐priori  information 
about  the  investigation  domain  is  available,  the  idea  is  to  retrieve  a  set  of 
"candidate"  solutions by executing  several CS  inversions using different expansion 
bases  (e.g., pixel, Haar wavelets, Meyer wavelets,  ...).  Following  the CS paradigm, 
the "best" solution can then be identified as the sparsest one, i.e., the solution with 
the  lowest  number  of  non‐zero  retrieved  coefficients.  A  preliminary  numerical 
validation  of  the  proposed  alphabet‐based  CS  microwave  imaging  technique  is 
given.  Some  numerical  comparisons  with  competitive  state‐of‐the‐art  inverse 
scattering techniques is shown, as well. 



1 Mathematial Formulation

Let us onsider a homogeneous lossless non-magneti two-dimensional (2D) investigation domain Dinv with

permittivity ε0 ontaining an unknown dieletri target desribed by the ontrast funtion

τ (r) = [εr (r)− 1]− j

[
σ (r)

2πfε0

]
(1)

where εr (r) and σ (r) denote the relative permittivity and ondutivity at position r = (x, y), respetively.

By denoting with ξvinc (r) the v-th known inident transverse-magneti (TMz) �eld impinging on the unknown

objet (v = 1, ..., V ), the satted �eld an be omputed as

ξvscatt (r) = ξvtot (r)− ξvinc (r) (2)

where ξvtot (r) is the total �eld measured at position r in the presene of the objet. By assuming a time-

harmoni ondition [the time dependeny fator exp (−j2πft) being omitted hereinafter℄ under the �rst-order

Born approximation (BA − I) the following Lippman-Shwinger integral equation models the relationships

between the sattered �eld and the ontrast funtion

ξvscatt (r) =
∫
Dinv

τ (r′) ξvinc (r
′)G (r /r′ ) dr′

r ∈ Dobs, r /∈ Dinv, v = 1, ..., V
(3)

where Dobs is the so-alled observation domain, external to Dinv, and G (r /r′ ) is the two-dimensional free-

spae Green's funtion. In order to retrieve the unknown ontrast funtion by solving Eq. (3), we onsider the

expansion of the problem unknowns with respet to a given basis Bf made of N basis funtions

Bf = {ψf,1 (r) , ..., ψf,N (r)} (4)

as follows

τf (r) =

N∑

n=1

cf,nψf,n (r) . (5)

In Eq. (5) cf,n, n = 1, ..., N are the entries of the oe�ient vetor cf that represents the funtion τf (r) in the

representation domain de�ned by the basis Bf . By substituting Eq. (5) in Eq. (3), the following disretized

version of the integral equation an be easily obtained

ξvscatt (r) =
∑N

n=1 cf,n ×
[∫

Dinv
ψf,n (r

′) ξvinc (r
′)G (r /r′ ) dr′

]

r ∈ Dobs, r /∈ Dinv, v = 1, ..., V.
(6)
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If we onsider that the sattered �eld is olleted atM measurement points loated in rvm ∈ Dobs (m = 1, ...,M)

the following system of linear equations is obtained

ξ̃vscatt (r
v
m) =

∑N
n=1 cf,n ×

[∫
Dinv

ψf,n (r′) ξvinc (r
′)G (rvm /r′ ) dr′

]
+ nv (rvm)

m = 1, ...,M, v = 1, ..., V
(7)

where nv (rvm) is a sample of an additive white Gaussian noise (AWGN) with unknown variane η2v . Finally,

Eq. (7) an be rewritten in matrix form as follows

ξ̃vscatt = Ψvcf + nv
(8)

where ξ̃vscatt =
{
ξ̃vscatt (r

v
m) , m = 1, ...,M

}
, v = 1, ..., V is the sattered �eld vetor, nv = {nv (rvm) , m = 1, ...,M},

v = 1, ..., V is the noise vetor, and

Ψv =

{[∫

Dinv

ψf,n (r
′) ξvinc (r

′)G (rvm /r′ ) dr′
]
, m = 1, ...,M, n = 1, ..., N

}
(9)

is the kernel matrix. When the unknown vetor cf ontains few non-null entries, Eq. (8) beomes representative

of a sparse problem. In this ase, the inverse problem at hand an be suessfully solved by means of CS-based

inversion tehniques, without the need of any assumption on the satterer shape and dimensions. In the

following, a Bayesian version of the standard CS (BCS) is used in order to retrieve an estimate ĉf of the the

unknown vetor cf . More in details, ĉf is omputed as

ĉf =
1

V

V∑

v=1

arg

{
max
cf

[
P
(
cf

∣∣∣ξ̃vscatt
)]}

(10)

where P
(
cf

∣∣∣ξ̃vscatt
)
denotes the posterior density funtion of cf given ξ̃vscatt and is omputed by means of the

multi-task (MT ) version of the BCS method (MTBCS). Suh a version, unlike the single-task BCS (STBCS)

also takes into aount the orrelation between the sattered data olleted under di�erent views.

1.1 Proposed Methodology

Sine the onept of sparsity of the solution strongly depends on the seleted representation basis Bf , the

proposed method makes use of an alphabet of F di�erent bases

A = {B1,B2, ...,Bf , ...,BF } . (11)

For eah onsidered basis (f = 1, ..., F ), the MTBCS approah is used to solve the linear system of equations

in Eq. (8) in order to retrieve F estimations of the vetor of unknowns (i.e., {ĉf , f = 1, ..., F}). Finally, the

sparsest solution an be seleted by ounting the number of non-zero entries (NNZ) of eah retrieved vetor

γf = NNZ (ĉf ) (12)
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and the �best� solution is then seleted as the sparsest one

ĉbest = arg min
f=1,...,F

{γf} . (13)

1.2 Thresholding

When the inversion is performed using noisy data, the sparsity measure γf is unavoidably orrupted by unwanted

non-zero oe�ients. These unwanted oe�ients are not useful for a true satterer representation, therefore

their presene are not desired for the voting riterion. As a onsequene we should some how detet these

unwanted oe�ients in order to be not onsidered in the sparsity measure γf . A straight approah is to use a

threshold in NNZ and eliminate during the ounting, the oe�ients that are under the threshold.

• Energy based Threshold

In order to hoose a threshold, independently by the noise level, orrupting the measured data, the

threshold is omputed as a funtion of the retrieved oe�ient energy E(ĉf ), omputed as

E (ĉf ) =

N∑

n=1

|cf,n|
2

(14)

Then the threshold T is omputed as a perentage of E, i.e

T = pE (15)

with 0 < p < 1 de�ning the perentage of total energy. The subset of oe�ients having a total energy

whih is less than the threshold T are then set to zero.

1.3 Voting and Thresholding

• Non-Zero Counting Funtion NNZ (x):

The funtion NNZ (x) ounts the number of non-zero oe�ients of the vetor x:

NNZ (x) =
N∑

n=1

χ (xn) (16)

being xn, n = 1, ..., N the entries of x, and being the auxiliary ounting funtion χ de�ned as:

χ (n) =





1 if |cf,n| > 0

0 otherwise
(17)

• Non-Zero Counting Funtion Thresholded NNZT (x):

The funtion NNZT (x) ounts the number of non-zero oe�ients of the vetor x:
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NNZT (x) =

N∑

n=1

χT (xn) (18)

being xn, n = 1, ..., N the entries of x, and being the auxiliary ounting funtion χT
de�ned as:

χT (n) =





1 if |cf,n| > T

0 otherwise
(19)

• Sparsity Measure Funtion S:

The funtion S (x) omputes the sparsity of the vetor x = [x1, ..., xN ] as:

S (x) =
NNZ (x)

N
(20)

1.4 Wavelets De�nitions

• 1D Wavelet Funtion ϕs
l

The(l, s)-basis funtion, is de�ned as the following:

ϕs
l (h) =





ψ (h) l = 0, h ∈ [0, dh]

2(l−1)/2γ
(
2(l−1)h− sdh

)
l ≥ 1, h ∈ [0, dh]

0 h /∈ [0, dh]

l = 0, ..., L, s = 0, ..., 2l−1 − 1 (21)

where dh is the funtion domain dimension. The resolution level is diretly related to the width of the

support of ϕs
l (h) (i.e., the �nest detail representable by a wavelet funtion). Aordingly, the user-de�ned

parameter L in (21) ontrols the resolution of the adopted basis, as well as the total number of di�erent

1D wavelet funtions that is ontains (i.e., whih is equal to 2L). In (21), ψ (h) and γ (h) are the so-

alled saling and mother wavelet funtions, respetively, whih depend on the hosen wavelet family, that

omply with the following neessary onditions:

�

∫∞
−∞ γ (h) dh = 0 (zero mean ondition);

�

1
dh

∫∞
−∞ |γ (h)|2 dh = 1

dh

∫∞
−∞ |ψ (h)|2 dh = 1 (unitary energy ondition).

Several wavelet families an be found in the literature, inluding the Riker, the Meyer, the Shannon, the

Morlet, and the Haar wavelets.

• 2D Basis FuntionΦst
lk (r)

The 2D (l, k, s, t)-basis funtion, is derived using the 1D basis funtions and is de�ned as the following

Φst
lk (r) = ϕs

l (x)× ϕt
k (y) , k = 0, ..., L, l = 0, ..., L, t = 0, ..., 2k−1 − 1, s = 0, ..., 2l−1 − 1 (22)

being ϕs
l (h), h = x, y, the 1D wavelet funtion.
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• Haar Funtions hk(t)

For the Haar wavelet family, the funtions ψ (h) and γ (h) are respetively de�ned as follows

ψ (h) =





1 h ∈ [0, dh]

0 h /∈ [0, dh]
(23)

and

γ (h) =





1 h ∈
[
0, dh

2

]

−1 h ∈
[
dh

2 , dh
]

0 h /∈ [0, dh]

. (24)

• Daubehies Wavelets

The Daubehies wavelets are an orthogonal wavelets family, whih permits to perform multi-resolution

analysis of disrete funtions. Daubehies wavelets are not de�ned in terms of saling and wavelet fun-

tions, beause there are no losed form formulas. The asade algorithm is then used to ompute suh

funtions. The asade algorithm is an iterative numerial method that starting from a set of oe�-

ients, imitatively onverges to the saling and wavelet funtions needed to perform the disrete wavelet

transform.

The �lter oe�ients for generating Daubehies wavelets of order 4 are:

C0
1+

√
3

4
√
2

C1
3+

√
3

4
√
2

C2
3−

√
3

4
√
2

C3
1−

√
3

4
√
2

Table 1. Daubehies-4 �lter oe�ients

• Coi�et Wavelets

Like Daubehies wavelets, Coi�ets are generated using the asade algorithm.

• Disrete Meyer Wavelets

Meyer wavelets are ontinuous wavelets that an be de�ned in the frequeny domain. The disrete version

of suh wavelet are a disrete approximation of the Meyers wavelets, obtained using the same method

used for Daubehies and Coi�ets, i.e. by de�ning the FIR �lter oe�ients, and applying the asade

algorithm.

5



2 Wavelets
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2.7 Exponential Basis

kx = 0, ky = 0 kx = 0, ky = 1 kx = 0, ky = 2 kx = 0, ky = 3

R
e
{
ψ
(x
,y

)}

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

 0.99

 0.995

 1

 1.005

 1.01

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

Im
{
ψ
(x
,y

)}

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.5

 0

 0.5

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2
y/

λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

kx = 0, ky = −1 kx = 0, ky = −2 kx = 0, ky = −3

R
e
{
ψ
(x
,y

)}

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

Im
{
ψ
(x
,y

)}

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

kx = 1, ky = 0 kx = 1, ky = 1 kx = 1, ky = 2 kx = 1, ky = 3

R
e
{
ψ
(x
,y

)}

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.5

 0

 0.5

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.5

 0

 0.5

 1

R
e[

ψ
(x

,y
)]

Im
{
ψ
(x
,y

)}

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.5

 0

 0.5

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.5

 0

 0.5

 1

Im
[ψ

(x
,y

)]

13



kx = 1, ky = −1 kx = 1, ky = −2 kx = 1, ky = −3
R
e
{
ψ
(x
,y

)}

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.5

 0

 0.5

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.5

 0

 0.5

 1

R
e[

ψ
(x

,y
)]

Im
{
ψ
(x
,y

)}

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.5

 0

 0.5

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.5

 0

 0.5

 1

Im
[ψ

(x
,y

)]

kx = 2, ky = 0 kx = 2, ky = 1 kx = 2, ky = 2 kx = 2, ky = 3

R
e
{
ψ
(x
,y

)}

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.5

 0

 0.5

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

Im
{
ψ
(x
,y

)}

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.5

 0

 0.5

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

kx = 2, ky = −1 kx = 2, ky = −2 kx = 2, ky = −3

R
e
{
ψ
(x
,y

)}

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.5

 0

 0.5

 1

R
e[

ψ
(x

,y
)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

R
e[

ψ
(x

,y
)]

Im
{
ψ
(x
,y

)}

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.5

 0

 0.5

 1

Im
[ψ

(x
,y

)]

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

x/λ

-2

-1.5

-1

-0.5

 0

 0.5

 1

 1.5

 2

y/
λ

-1

-0.8

-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

Im
[ψ

(x
,y

)]

14



3 Numerial ResultsReonstrutions:

3.1 Objet Pixel #1

Goal: To prove the effetiveness of the alphabet based approah using an �ad-ho� satterer

for pixel based domain.

Test Case Desription

Objet:

• εr,max = 1.5

• σ = 0 [S/m℄

• Number of Pixels: Nc = 21

Soures:

• Plane waves

• Amplitude: A = 1

• Frequeny: 300 MHz (λ = 1m)

• Number of views: V = 36

Diret solver:

• Square domain divided in

√
D ×

√
D ells

• D = 4096 (64× 64) (
LD
√

D
=

λ

16
)

Investigation domain:

• Square domain divided in

√
N ×

√
N ells

• N = 1024 (32× 32) (
LD
√

N
=

λ

8
)

• LD = 4λ

Measurement domain:

• Measurement points taken on a irle of radius ρ = 4λ

• M = 36

M-BCS parameters:

• a = 1.0× 10
−2

• b = 1.0× 10
−5
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Figure 1: Atual and retrieved objet onsidering di�erent wavelet expansions.
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Figure 2: Atual and retrieved objet onsidering di�erent wavelet expansions.
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Figure 3: Atual and retrieved objet onsidering di�erent wavelet expansions.
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Figure 4: Atual and retrieved objet onsidering di�erent wavelet expansions.
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Figure 5: Real part of the atual and retrieved oe�ients onsidering di�erent wavelet expansions.
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Figure 6: Real part of the atual and retrieved oe�ients onsidering di�erent wavelet expansions.
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Figure 7: Imaginary part of the atual and retrieved oe�ients onsidering di�erent wavelet expansions.
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Figure 8: Imaginary part of the atual and retrieved oe�ients onsidering di�erent wavelet expansions.
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Coe�ients Analysis T = 100%:
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Figure 9: Absolute value [dB℄ of the atual and retrieved oe�ients onsidering di�erent wavelet expansions.
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Figure 10: Absolute value [dB℄ of the atual and retrieved oe�ients onsidering di�erent wavelet expansions.
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Figure 11: [T = 100%℄ - Comparison of ξtot, and L0, L1, L2 Norms of the retrieved basis expansion oe�ients,

for eah alphabet basis.
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L0 − norm

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer Exp

Actual 21 299 706 877 1024 1024
Noiseless 48 165 141 155 146 42

20 99 157 142 72 139 28
10 125 142 129 143 132 33
5 125 129 131 132 108 12

L1 − norm
SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer Exp
Actual 10.5 35.2 39.1 41.2 50.8 2.02

Noiseless 11.2 7.10 10.68 7.68 4.68 5.9× 10−2

20 11.7 7.60 9.19 7.71 6.04 3.1× 10−2

10 11.87 6.67 7.67 7.55 5.94 3.9× 10−2

5 11.54 5.63 5.63 6.57 5.72 2.3× 10−2

L2 − norm
SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer Exp
Actual 2.29 2.29 2.29 2.29 2.29 7.2× 10−2

Noiseless 2.41 1.04 2.60 1.30 0.99 1.7× 10−2

20 2.39 1.43 1.93 1.92 1.57 1.2× 10−2

10 2.27 1.24 1.84 1.83 2.12 1.3× 10−2

5 2.01 0.96 1.59 1.54 2.41 1.2× 10−2

Table 1: [T = 100%℄ - Number of the retrieved non-zero oe�ients (L0 − norm), L1 − norm, and L2 − norm
using di�erent wavelet funtions.
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Thresholded Analysis:

T = 99.9% T = 99%

N

O

I

S

E

L

E

S

S

10-3

10-2

10-1

pixel haar daub coif meyer
10-1

100

101

102

T
ot

al
 E

rr
or

 [a
rb

itr
ar

y 
un

it]

||c
(n

)|
| p

 [a
rb

itr
ar

y 
un

it]

Basis Functions

Noiseless

ξtot p=0 p=1 p=2

10-3

10-2

10-1

pixel haar daub coif meyer
10-1

100

101

102

T
ot

al
 E

rr
or

 [a
rb

itr
ar

y 
un

it]

||c
(n

)|
| p

 [a
rb

itr
ar

y 
un

it]

Basis Functions

Noiseless

ξtot p=0 p=1 p=2

S

N

R

=

2

0

d

B

10-3

10-2

10-1

pixel haar daub coif meyer
100

101

102

T
ot

al
 E

rr
or

 [a
rb

itr
ar

y 
un

it]

||c
(n

)|
| p

 [a
rb

itr
ar

y 
un

it]

Basis Functions

SNR=20 dB

ξtot p=0 p=1 p=2

10-3

10-2

10-1

pixel haar daub coif meyer
100

101

102

T
ot

al
 E

rr
or

 [a
rb

itr
ar

y 
un

it]

||c
(n

)|
| p

 [a
rb

itr
ar

y 
un

it]

Basis Functions

SNR=20 dB

ξtot p=0 p=1 p=2

S

N

R

=

1

0

d

B

10-3

10-2

10-1

pixel haar daub coif meyer
100

101

102

T
ot

al
 E

rr
or

 [a
rb

itr
ar

y 
un

it]

||c
(n

)|
| p

 [a
rb

itr
ar

y 
un

it]

Basis Functions

SNR=10 dB

ξtot p=0 p=1 p=2

10-3

10-2

10-1

pixel haar daub coif meyer
100

101

102

T
ot

al
 E

rr
or

 [a
rb

itr
ar

y 
un

it]

||c
(n

)|
| p

 [a
rb

itr
ar

y 
un

it]

Basis Functions

SNR=10 dB

ξtot p=0 p=1 p=2

S

N

R

=

5

d

B

10-3

10-2

10-1

pixel haar daub coif meyer
10-1

100

101

102

T
ot

al
 E

rr
or

 [a
rb

itr
ar

y 
un

it]

||c
(n

)|
| p

 [a
rb

itr
ar

y 
un

it]

Basis Functions

SNR=5 dB

ξtot p=0 p=1 p=2

10-3

10-2

10-1

pixel haar daub coif meyer
10-1

100

101

102

T
ot

al
 E

rr
or

 [a
rb

itr
ar

y 
un

it]

||c
(n

)|
| p

 [a
rb

itr
ar

y 
un

it]

Basis Functions

SNR=5 dB

ξtot p=0 p=1 p=2

Figure 12: Comparison of ξtot, and L0, L1, L2 Norms of the retrieved basis expansion oe�ients, for eah

alphabet basis.
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L0 − norm

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Actual 21 299 706 877 1024
Noiseless 21 99 61 83 86

20 28 88 72 48 69
10 48 88 64 69 48
5 75 87 65 67 37

L1 − norm
SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer
Actual 10.5 35.2 39.1 41.2 50.8

Noiseless 11.05 6.84 10.12 7.41 4.49
20 11.26 7.28 8.79 7.48 5.70
10 11.36 6.40 7.28 7.19 5.48
5 11.19 5.47 5.31 6.27 5.23

L2 − norm
SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer
Actual 2.29 2.29 2.29 2.29 2.29

Noiseless 2.41 1.03 2.60 1.30 0.99
20 2.39 1.43 1.93 1.92 1.57
10 2.27 1.24 1.84 1.83 2.12
5 2.01 0.96 1.59 1.54 2.40

Table 2: [T = 99.9%℄ - Number of the retrieved non-zero oe�ients (L0 − norm), L1 − norm, and L2 − norm
using di�erent wavelet funtions.

L0 − norm

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Actual 21 299 706 877 1024
Noiseless 21 60 30 54 43

20 21 49 38 32 27
10 21 52 31 36 15
5 35 55 27 35 8

L1 − norm
SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer
Actual 10.5 35.2 39.1 41.2 50.8

Noiseless 11.06 6.27 8.85 6.79 3.92
20 10.94 6.47 7.79 6.75 4.81
10 10.35 5.73 6.36 6.26 4.4
5 10.06 4.98 4.45 5.50 4.09

L2 − norm
SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer
Actual 2.29 2.29 2.29 2.29 2.29

Noiseless 2.41 1.03 2.59 1.29 0.98
20 2.39 1.43 1.92 1.91 1.56
10 2.27 1.23 1.83 1.82 2.11
5 2.00 0.95 1.58 1.53 2.40

Table 3: [T = 99%℄ - Number of the retrieved non-zero oe�ients (L0 − norm), L1 − norm, and L2 − norm
using di�erent wavelet funtions.
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Resume:

T = 100%

SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer

Noiseless 48 165 141 155 146
20 99 157 142 72 139
10 125 142 129 143 132
5 125 129 131 132 108

T = 99.9%
SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer
Noiseless 21 99 61 83 86

20 28 88 72 48 69
10 48 88 64 69 48

5 75 87 65 67 37

T = 99%
SNR [dB℄ Pixel Haar Daub4 Coiflet DMeyer
Noiseless 21 60 30 54 43

20 21 49 38 32 27
10 21 52 31 36 15

5 35 55 27 35 8

Table 4: L0 − norm.
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Figure 13: L0 − norm vs Total Error, onsidering T = 99.9%.
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Figure 14: Atual and retrieved objet onsidering di�erent wavelet expansions.
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Figure 15: Atual and retrieved objet onsidering di�erent wavelet expansions.
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SNR [dB℄ TV [s℄ CG [s℄ SVD [s℄ ALPHABET [s℄

Noiseless 1.7× 102 2.3× 103 4.7× 101 1.1× 103

20 1.7× 102 2.1× 103 5.5× 101 1.0× 103

10 2.4× 102 2.8× 103 4.9× 101 1.1× 103

5 2.4× 10
2

2.5× 10
3

3.6× 10
1

1.0.× 10
3

Table 5: Timings.
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Figure 16: Comparison with SoA - Total Error vs SNR, onsidering T = 99.9%.
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