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Abstract 
 

In  this work,  the  retrieval  of  the  dielectric  characteristics  of  unknown  objects 
buried  in a  lossy half‐space  is dealt with. An  innovative multi‐resolution multi‐
frequency (MF) stochastic microwave imaging technique is proposed to solve the 
buried  inverse scattering problem by processing wide‐band ground penetrating 
radar (GPR) data. The proposed MF‐IMSA‐PSO method exploits a particle swarm 
optimization  (PSO)‐based algorithm  to  find  the global optimum of  the MF  cost 
function measuring the mismatch between available and retrieved data at a fixed 
set of  frequencies. Such a stochastic solver  is nested within  the  iterative multi‐
scaling  approach  (IMSA)    in  order  to  reduce  the  ratio  between  problem 
unknowns  and  informative  data,  as  well  as  to  adaptively  enforce  increasing 
resolutions only within the regions of interest in which the scatterers have been 
detected.  A  preliminary  numerical  validation  is  shown,  in  order  to  assess  the 
robustness  of  the  developed  approach  with  respect  to  noise,  as  well  as  to 
compare its performance to state‐of‐the‐art competitive approaches. 



1 De�nitions

1.1 Glossary

• SF : Single-Frequen
y;

• FH : Frequen
y-Hopping;

• MF : Multi-Frequen
y;

• P : Swarm dimension;

• U : Total number of unknowns;

• S: Maximum number of IMSA zooming steps;

• sbest: Last performed IMSA zooming step (sbest ≤ S);

• ηth: IMSA zooming threshold;

• Dinv: Investigation domain;

• Dobs: Observation domain;

• L: Side of the investigation domain;

• N : Number of dis
retization 
ells in Dind;

• V : Number of views;

• M : Number of measurement points;

• F : Number of frequen
ies 
onsidered for the inversion;

• r
(v) =

(
x(v), y(v)

)
: Coordinates of the v-th sour
e (v = 1, . . . , V ).

• r
(v)
m =

(
x
(v)
m , y

(v)
m

)
: Coordinates of the m-th measurement point for the v-th view v, (m = 1, . . . ,M);

• εra = εa
ε0
: Relative ele
tri
 permittivity for the upper half-spa
e (y > 0);

• σa: Condu
tivity for the upper half-spa
e (y > 0);

• εrb =
εb
ε0
: Ba
kground relative ele
tri
 permittivity;

• σb: Ba
kground 
ondu
tivity;

• E
(v)
inc (rn; f): Measured internal in
ident �eld inside the n-th 
ell, for the v-th view at frequen
y f ;

• Ẽ
(v)
inc (rn; f): Computed internal in
ident �eld inside the n-th 
ell, for the v-th view at frequen
y f ;

• E
(v)
scatt

(
r
(v)
m ; f

)
: Measured external s
attered by the m-th measurement point, for the v-th view at fre-

quen
y f ;

• Ẽ
(v)
scatt

(
r
(v)
m ; f

)
: Measured external s
attered by the m-th measurement point, for the v-th view at fre-

quen
y f .
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1.2 Contrast fun
tion

The 
ontrast fun
tion at frequen
y f is de�ned as

τ (r; f) =
εeq (r)− εeqb

ε0
= [εr (r)− εrb] + j

[
σb − σ (r)

2πfε0

]

where

• r = (x, y): position ve
tor;

• ℜ {τ (r; f)} = [εr (r)− εrb] ;

• ℑ {τ (r; f)} =
[
σb−σ(r)
2πfε0

]
;

• εeq (r) = ε0εr (r)− j
σ(r)
2πf ;

• εeqb = ε0εrb − j σb

2πf ;

• εr (r): relative ele
tri
 permittivity at position r;

• σ (r): 
ondu
tivity at position r;

NOTE: we assume that εr (r) and σ (r) are not frequen
y dependent (non-dispersive mediums).

1.2.1 Contrast fun
tion and referen
e frequen
y fref (MF approa
hes)

The 
ontrast fun
tion at a generi
 frequen
y f 
an be expressed by means of the 
ontrast fun
tion 
omputed

for a sele
ted referen
e frequen
y

f = fref (1)

as follows

τ (r; f) = ℜ{τ (r; fref )}+ j
fref

f
ℑ{τ (r; fref )} . (2)

This allows to redu
e the number of unknowns when dealing with multi-frequen
y te
hniques, sin
e we 
an just


onsider the 
ontrast fun
tion at the referen
e frequen
y.
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1.3 Cost fun
tion & unknowns

1.3.1 Multi-Frequen
y (MF ) approa
hes

These approa
hes jointly 
onsider data at F frequen
ies. The fun
tional minimized by the inversion algorithm

is de�ned as

Φ (x) = Φstate (x) + Φdata (x) (3)

where Φstate (x) and Φdata (x) are respe
tively the data and state terms of the 
ost fun
tion, de�ned as

Φstate (x) =

∑F

j=1

∑V

v=1

∑N

n=1

∣∣∣E(v)
inc (rn; fj)− Ẽ

(v)
inc (rn; fj)

∣∣∣
2

∑F

j=1

∑V

v=1

∑N

n=1

∣∣∣E(v)
inc (rn; fj)

∣∣∣
2 (4)

Φdata =

∑F

j=1

∑V

v=1

∑M

m=1

∣∣∣E(v)
scatt

(
r
(v)
m ; fj

)
− Ẽ

(v)
scatt

(
r
(v)
m ; fj

)∣∣∣
2

∑F

j=1

∑V

v=1

∑M

m=1

∣∣∣E(v)
scatt

(
r
(v)
m ; fj

)∣∣∣
2 (5)

The unknowns of the inversion problem are

x =
{
τ (r; fref ) ;E

(v)
tot (rn; fj)

}
n = 1, ..., N ; v = 1, ..., V ; j = 1, ..., F. (6)

The total number of unknowns for MF -based approa
hes is then given by

UMF = 2N (1 + V F ) . (7)

1.4 Re
onstru
tion errors

The following integral error is de�ned

Ξreg =
1

Nreg

Nreg∑

n=1

|τactn − τrecn |
|τactn + 1| (8)

where reg indi
ates if the error 
omputation 
overs

• the overall investigation domain (reg ⇒ tot),

• the a
tual s
atterer support (reg ⇒ int),

• or the ba
kground region (reg ⇒ ext).
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2 Numeri
al Validation

2.1 Square-shaped obje
t

2.1.1 Parameters

Ba
kground

Inhomogeneous and nonmagneti
 ba
kground 
omposed by two half spa
es

• Upper half spa
e (y > 0 - air): εra = 1.0, σa = 0.0;

• Lower half spa
e (y < 0 - soil): εrb = 4.0, σb = 10−3
[S/m℄;

Investigation domain (Dinv)

• Side: LDinv
= 0.8 [m℄;

• Bary
enter:

(
xDinv

bar , yDinv

bar

)
= (0.00,−0.4) [m℄;

Time-Domain forward solver (FDTD - GPRMax2D)

• Side of the simulated domain: L = 6 [m℄;

• Number of 
ells: NFDTD = 750× 750 = 5.625× 105;

• Side of the FDTD 
ells lFDTD = 0.008 [m℄;

• Simulation time window: TFDTD = 20× 10−9
[se
℄;

• Time step: ∆tFDTD = 1.89× 10−11
[se
℄;

• Number of time samples: NFDTD
t = 1060;

• Boundary 
onditions: perfe
tly mat
hed layer (PML);

• Sour
e type: Gaussian mono-
y
le (�rst Gaussian pulse derivative, 
alled �Ri
ker� in GPRMax2D)

� Central frequen
y: f0 = 300 [MHz℄;

� Sour
e amplitude: A = 1.0 [A℄;
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Figure 1: GPRMax2D ex
itation signal. (a) Time pulse, (b) normalized frequen
y spe
trum.

Frequen
y parameters

• Frequen
y range: f ∈ [fmin, fmax] = [200.0, 600.0] [MHz℄ (−3 [dB℄ bandwidth of the Gaussian Mono
y
le

ex
itation 
entered at f0 = 300 [MHz℄);

• Frequen
y step: ∆f = 100 [MHz℄ (F = 5 frequen
y steps in [fmin, fmax]);

f [MHz℄ λa [m℄ λb [m℄ f∗
[MHz℄

200.0 1.50 0.75 200.5
300.0 1.00 0.50 297.6
400.0 0.75 0.37 401.1
500.0 0.60 0.30 498.1
600.0 0.50 0.25 601.6

Table 1: Considered frequen
ies and 
orresponding wavelength in the upper medium (λa, free spa
e) and in the

lower medium (λb, soil). f
∗
is the nearest frequen
y sample available from transformed time-domain data, and

represents the real frequen
y 
onsidered by the inversion algorithm.

S
atterer

• Type: square-shaped;

• Bary
enter: (xobj , yobj) = (−0.08,−0.24) [m℄;

• Side: Lobj,x = Lobj,y = 0.16 [m℄;

• Ele
tromagneti
 properties: εr,obj = 5.0, σobj = 10−3
[S/m℄ (σobj = σb);

• Contrast fun
tion: τ = 1.0 + j0.0
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Figure 2: A
tual obje
t: o�set square 
ylinder τ = 1.0.

Measurement setup

• Considered frequen
y: fmin = 200 [MHz℄, λb = 0.75 [m℄.

1

• #DoFs = 2ka = 2π
λb
L
√
2 = 2π

0.750.8
√
2 ≃ 9.5;

• Number of views (sour
es): V = 10;

� min {xv} = −0.5 [m℄, max {xv} = 0.5 [m℄;

� height: yv = 0.1 [m℄, ∀v = 1, . . . , V ;

• Number of measurement points: M = 9;

� min {xm} = −0.5 [m℄, max {xm} = 0.5 [m℄;

� height: ym = 0.1 [m℄, ∀m = 1, . . . ,M ;

y 
[m

]

x [m]

Probe Source
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 0
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 0.4

-1 -0.5  0  0.5  1

Dinv

Soil

Figure 3: Lo
ation of the measurement points (M = 9) and of the sour
es (V = 10). Only one sour
e is a
tive

for ea
h view.

Inverse solver parameters

• Shared parameters

1

NOTE: This 
hoi
e is done in order to keep the number of unknowns lower than 5000.
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� Number of unknowns: U = 2N (1 + V F ) = 4998;

� Weight of the state term of the fun
tional: 1.0;

� Weight of the data term of the fun
tional: 1.0;

� Weight of the penalty term of the fun
tional: 0.0;

� Convergen
e threshold: 10−10
;

� Variable ranges:

∗ εr ∈ [4.0, 5.2], σ ∈
[
8.0× 10−4, 1.2× 10−3

]
[S/m℄;

∗ ℜ
{
Eint

tot

}
∈ [−8, 8], ℑ

{
Eint

tot

}
∈ [−8, 8];

� Degrees of freedom:

∗ Considered frequen
y: fmin = 200 [MHz℄, λb = 0.75 [m℄;

∗ (2ka)2

2 =

(
2× 2π

λb
×

L
√

2

2

)
2

2 = 4π2
(

L
λb

)2

= 4π2
(

0.8
0.75

)2 ≃ 44.87;

� Number of 
ells: N = 49 = 7× 7;

� Maximum number of IMSA steps: S = 6;

� Side ratio threshold: ηth = 0.2;

• MF − IMSA− PSO parameters

� Maximum number of iterations: I = 20000;

� Swarm dimension: P = 5
100 × U = 250;

� C1 = C2 = 2.0;

� Inertial weight: w = 0.4;

� Velo
ity 
lamping: enabled;

• FH − IMSA− PSO parameters

� Maximum number of iterations: I = 20000;

� Swarm dimension: P = 250 (to keep the same parameters used for MF − IMSA− PSO);

� C1 = C2 = 2.0;

� Inertial weight: w = 0.4;

� Velo
ity 
lamping: enabled;

• MF − IMSA− CG parameters

� Maximum number of iterations: I = 200;

• FH − IMSA− CG parameters

� Maximum number of iterations: I = 400 ;
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Signal to noise ratio (on Etot (t))

• SNR = {50, 40, 30, 20} [dB℄ ;
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Figure 4: Signal to noise ratio (SNR [dB℄) 
omputed on the external s
attered �eld in frequen
y domain for

ea
h 
onsidered frequen
y and for ea
h input SNR on the measured total �eld in time-domain.

SNR on Etot (t) [dB℄ Av. SNR on Escatt (f) [dB℄

50 35
40 25
30 15
20 5

Table 2: Average SNR measured on the s
attered �eld in frequen
y domain.
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2.1.2 MF − IMSA−PSO vs. MF − IMSA−CG vs. FH− IMSA−PSO vs.FH− IMSA−CG: Final

re
onstru
tions
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Figure 5: MF − IMSA − PSO vs. MF − IMSA − CG vs. FH − IMSA − PSO vs. FH − IMSA − CG:

Retrieved diele
tri
 pro�les at the IMSA 
onvergen
e step (sbest).
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2.1.3 MF − IMSA− PSO: Intermediate re
onstru
tions
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Figure 6: MF − IMSA− PSO: Retrieved diele
tri
 pro�les at ea
h IMSA step.
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2.1.4 MF − IMSA− CG: Intermediate re
onstru
tions
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Figure 7: MF − IMSA− CG: Retrieved diele
tri
 pro�les at ea
h IMSA step.
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2.1.5 Re
onstru
tion errors

MF − IMSA− PSO MF − IMSA− CG

S
N
R

=
5
0

[

d

B

℄

10-3

10-2

10-1

100

 1  2  3  4

R
ec

on
st

ru
ct

io
n 

E
rr

or
s 

[A
rb

itr
ar

y 
U

ni
t]

IMSA Step, s

SNR=50 [dB]

Ξtot Ξint Ξext

10-3

10-2

10-1

100

 1  2  3  4

R
ec

on
st

ru
ct

io
n 

E
rr

or
s 

[A
rb

itr
ar

y 
U

ni
t]

IMSA Step, s

SNR=50 [dB]

Ξtot Ξint Ξext

(a) (b)

S
N
R

=
4
0

[

d

B

℄

10-3

10-2

10-1

100

 1  2  3  4

R
ec

on
st

ru
ct

io
n 

E
rr

or
s 

[A
rb

itr
ar

y 
U

ni
t]

IMSA Step, s

SNR=40 [dB]

Ξtot Ξint Ξext

10-3

10-2

10-1

100

 1  2  3  4

R
ec

on
st

ru
ct

io
n 

E
rr

or
s 

[A
rb

itr
ar

y 
U

ni
t]

IMSA Step, s

SNR=40 [dB]

Ξtot Ξint Ξext

(
) (d)

S
N
R

=
3
0

[

d

B

℄

10-3

10-2

10-1

100

 1  2  3  4

R
ec

on
st

ru
ct

io
n 

E
rr

or
s 

[A
rb

itr
ar

y 
U

ni
t]

IMSA Step, s

SNR=30 [dB]

Ξtot Ξint Ξext

10-3

10-2

10-1

100

 1  2  3  4

R
ec

on
st

ru
ct

io
n 

E
rr

or
s 

[A
rb

itr
ar

y 
U

ni
t]

IMSA Step, s

SNR=30 [dB]

Ξtot Ξint Ξext

(e) (f )

S
N
R

=
2
0

[

d

B

℄

10-3

10-2

10-1

100

 1  2  3  4

R
ec

on
st

ru
ct

io
n 

E
rr

or
s 

[A
rb

itr
ar

y 
U

ni
t]

IMSA Step, s

SNR=20 [dB]

Ξtot Ξint Ξext

10-3

10-2

10-1

100

 1  2  3  4

R
ec

on
st

ru
ct

io
n 

E
rr

or
s 

[A
rb

itr
ar

y 
U

ni
t]

IMSA Step, s

SNR=20 [dB]

Ξtot Ξint Ξext

(g) (h)

Figure 8: MF − IMSA− PSO vs. MF − IMSA− CG: Re
onstru
tion error evolution.
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2.1.6 Evolution of the 
ost fun
tion
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Figure 9: MF − IMSA− PSO vs. MF − IMSA− CG: Evolution of the 
ost fun
tion.
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2.2 Con
lusions

The reported results indi
ate that

• The proposed MF−IMSA−PSO method over
omes its deterministi
 
ounterpart (MF −IMSA−CG),

that is based on a Conjugate Gradient (CG) solver [5℄;

• The superior performan
es of the MF − IMSA − PSO over the MF − IMSA − CG are due to the

exploitation of the PSO solver, that is a global optimization te
hnique [1℄;

• The MF − IMSA−PSO is able to provide better re
onstru
tions also with respe
t to frequen
y-hopping

(FH)-based approa
hes su
h as the FH − IMSA− PSO and the FH − IMSA− CG [3℄.
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