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Abstract 
 

In  this work,  the  performance  of  an  innovative  conjugate‐gradient  (CG)‐based 
deterministic microwave  imaging  technique  are  assessed  for  the  inversion  of 
wideband  ground  penetrating  radar  (GPR)  data.  The  developed methodology 
exploits the  intrinsic frequency diversity of GPR measurements through a multi‐
frequency  (MF)  strategy  in order  to add  information    to  the  inversion problem 
and  to  mitigate  the  negative  effects  of  ill‐posedness  of  the  buried  inverse 
scattering (IS) problem. Moreover,  the iterative multi‐scaling approach (IMSA) is 
exploited  in  order  to  increase  as  much  as  possible  the  ratio  between  non‐
redundant data and problem unknowns, thus mitigating the problem of the non‐
linearity. Some numerical results are shown,  in order  to analyze  the achievable 
reconstruction  capabilities  by  the  developed MF  technique when  dealing with 
the  retrieval of objects having different values of  relative permittivity. A direct 
comparison with  a  frequency hopping  (FH)‐based  implementation of  the  same 
multi‐resolution  deterministic  solver  is  shown,  as  well,  to  highlight  the 
differences between the two approaches. 



1 De�nitions

1.1 Glossary

• Dinv: investigation domain;

• Dobs: observation domain;

• N : number of dis
retization 
ells in Dind;

• V : number of views;

• M : number of measurement points;

• F : number of frequen
ies 
onsidered for the inversion;

• (xv, yv): 
oordinates of the v-th sour
e (v = 1, . . . , V ).

• (xv
m, yvm): 
oordinates of the m-th measurement point for the v-th view v, (m = 1, . . . ,M);

• εra = εa
ε0
: relative ele
tri
 permittivity for the upper half-spa
e (y > 0);

• σa: 
ondu
tivity for the upper half-spa
e (y > 0);

• εrb =
εb
ε0
: ba
kground relative ele
tri
 permittivity;

• σb: ba
kground 
ondu
tivity;
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2 Variation of the Obje
t Permittivity

2.1 Cir
ular obje
t (σobj = 10
−3

[S/m℄)

2.1.1 Parameters

Ba
kground

Inhomogeneous and nonmagneti
 ba
kground 
omposed by two half spa
es

• Upper half spa
e (y > 0 - air): εra = 1.0, σa = 0.0;

• Lower half spa
e (y < 0 - soil): εrb = 4.0, σb = 10−3
[S/m℄;

Investigation domain (Dinv)

• Side: LDinv
= 0.8 [m℄;

• Bary
enter:

(

xDinv

bar , yDinv

bar

)

= (0.00,−0.4) [m℄;

Time-Domain forward solver (FDTD - GPRMax2D)

• Side of the simulated domain: L = 6 [m℄;

• Number of 
ells: NFDTD = 750× 750 = 5.625× 105;

• Side of the FDTD 
ells lFDTD = 0.008 [m℄;

• Simulation time window: TFDTD = 20× 10−9
[se
℄;

• Time step: ∆tFDTD = 1.89× 10−11
[se
℄;

• Number of time samples: NFDTD
t = 1060;

• Boundary 
onditions: perfe
tly mat
hed layer (PML);

• Sour
e type: Gaussian mono-
y
le (�rst Gaussian pulse derivative, 
alled �Ri
ker� in GPRMax2D)

� Central frequen
y: f0 = 300 [MHz℄;

� Sour
e amplitude: A = 1.0 [A℄;
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Figure 1: GPRMax2D ex
itation signal. (a) Time pulse, (b) normalized frequen
y spe
trum.

Frequen
y parameters

• Frequen
y range: f ∈ [fmin, fmax] = [200.0, 600.0] [MHz℄ [?℄ (−3 [dB℄ bandwidth of the Gaussian Mono-


y
le ex
itation 
entered at f0 = 300 [MHz℄);

• Frequen
y step: ∆f = 100 [MHz℄ (F = 5 frequen
y steps in [fmin, fmax]);

f [MHz℄ λa [m℄ λb [m℄ f∗
[MHz℄

200.0 1.50 0.75 200.5
300.0 1.00 0.50 297.6
400.0 0.75 0.37 401.1
500.0 0.60 0.30 498.1
600.0 0.50 0.25 601.6

Table 1: Considered frequen
ies and 
orresponding wavelength in the upper medium (λa, free spa
e) and in the

lower medium (λb, soil). f
∗
is the nearest frequen
y sample available from transformed time-domain data, and

represents the real frequen
y 
onsidered by the inversion algorithm.

S
atterer

• Type: Cir
ular;

• Bary
enter: (xobj , yobj) = (−0.16,−0.4) [m℄;

• Radius: robj = 0.08 [m℄;

• Ele
tromagneti
 properties: εr,obj = {5.0; 5.5; 6.5}, σobj = 10−3
[S/m℄ (σobj = σb);

• Contrast fun
tion: τ = {1.0; 1.5; 2.5}
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Figure 2: A
tual obje
t.

Measurement setup

• Considered frequen
y: fmin = 200 [MHz℄, λb = 0.75 [m℄.

• #DoFs = 2ka = 2π
λb

L
√
2 = 2π

0.750.8
√
2 ≃ 9.5;

• Number of views (sour
es): V = 10;

� min {xv} = −0.5 [m℄, max {xv} = 0.5 [m℄;

� height: yv = 0.1 [m℄, ∀v = 1, . . . , V ;

• Number of measurement points: M = 9;

� min {xm} = −0.5 [m℄, max {xm} = 0.5 [m℄;

� height: ym = 0.1 [m℄, ∀m = 1, . . . ,M ;

y 
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Figure 3: Lo
ation of the measurement points (M = 9) and of the sour
es (V = 10). Only one sour
e is a
tive

for ea
h view.

Inverse solver parameters

• Shared parameters

� Weight of the state term of the fun
tional: 1.0;

� Weight of the data term of the fun
tional: 1.0;

� Convergen
e threshold: 10−10
;
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� Variable ranges:

∗ σ ∈
[

8.0× 10−4, 1.2× 10−3
]

[S/m℄;

∗ ℜ
{

Eint
tot

}

∈ [−8, 8], ℑ
{

Eint
tot

}

∈ [−8, 8];

� Degrees of freedom:

∗ Considered frequen
y: fmin = 200 [MHz℄, λb = 0.75 [m℄;

∗ (2ka)2

2 =

(

2× 2π

λ
b
×

L
√

2

2

)

2

2 = 4π2
(

L
λb

)2

= 4π2
(

0.8
0.75

)2 ≃ 44.87;

� Number of 
ells: N = 49 = 7× 7;

� Maximum number of IMSA steps: S = 4;

� Side ratio threshold: ηth = 0.2;

• MF − IMSA− CG parameters

� Maximum number of iterations: I = 200;

• FH − IMSA− CG parameters

� Maximum number of iterations: I = 400;

Signal to noise ratio (on Etot (t))

• SNR = {50, 40, 30, 20} [dB℄ + Noiseless data.
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2.1.2 εr,obj = 5.0 (τ = 1.0): Final re
onstru
tions (�fmax = 600 [MHz℄)
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Figure 4: FH − IMSA− CG vs. MF − IMSA−CG: Retrieved diele
tri
 pro�les at the IMSA 
onvergen
e

step (sbest).
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2.1.3 εr,obj = 5.5 (τ = 1.5): Final re
onstru
tions (�fmax = 600 [MHz℄)
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Figure 5: FH − IMSA− CG vs. MF − IMSA−CG: Retrieved diele
tri
 pro�les at the IMSA 
onvergen
e

step (sbest).
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2.1.4 εr,obj = 6.5 (τ = 2.5): Final re
onstru
tions (�fmax = 600 [MHz℄)
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Figure 6: FH − IMSA− CG vs. MF − IMSA−CG: Retrieved diele
tri
 pro�les at the IMSA 
onvergen
e

step (sbest).
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