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Mathematical Formulation
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Mathematical Formulation

Multiple Interferences at the Central Frequency - SINR Maximization

Consider a linear array of N isotropic elements equally spaced along the x axis: the desired signal received by

the n-th element of the antenna array can be defined as

Sd
n(t) = pd(t)e

jβd

n n = 1, ..., N (1)

where βd
n = (2π/λ)(udxn), ud = sin θd cosφd, xn is the distance between the n-th element and the center of the

array e θd, φd are the polar coordinates defining the direction of arrival (DOA) of the desired signal characterized

by envelope pd(t). Assuming that one or more (I) interfering signals can be received by the antenna at the

same angular frequency ωd of the desired signal, it is possible to evaluate the contribution of each interference

at the n-th element:

Si
n(t) = pi(t)e

jβi

n

{ n = 1, ..., N

i = 1, ..., I
(2)

where βi
n = (2π/λ)(uixn), ui = sin θi cosφi e θi, φi are the polar coordinates defining the direction of arrival

(DOA) of the i-th interfering signal characterized by envelope pi(t). Moreover, let assume the presence of the

noise modelled with an additive gaussian process with power ℘n.

Hence, the coefficients of the covariance matrix (N ×N) of the desired signal Φd are

Φmn
d = E

{

Sd∗
m (t)Sd

n(t)
}

m,n = 1, ..., N (3)

Similarly, it is possible to write the coefficients of the covariance matrix Φi of the i-th interfering signal (i =

1, ..., I) as

Φmn
i = E

{

Si∗
m(t)Si

n(t)
}

m,n = 1, ..., N (4)

while the covariance matrix of the noise is defined

Φn = pn1
N (5)

where 1N is an identity matrix with dimension N ×N .

Let us write the covariance matrix of the undesired signal with the form

Φu =
I

∑

i=1

Φi +Φn (6)

The power of the undesired signal received at the central frequency is

℘u =
1

2
WT∗ΦuW (7)

where W is defined as

W =
{

αne
jγn , n = 1, ..., N

}

(8)

where αn amplitude excitation coefficients of the n-th element and γn is the phase excitation coefficient of

the n-th element of the array. Using a thinning technique, the possible solutions of αn are just two values:

αn ∈ Υ, n = 1, ..., N , where Υ = [{0} , {1}] . We consider γn = 0, n = 1, ..., N .

The power contribution of the desired signal at the receiver is
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℘d =
1

2
p2d(t)

∣

∣WTU(θd, φd)
∣

∣

2
(9)

where

U(θd, φd) =
{

ejβ
d

n , n = 1, ..., N
}

(10)

Considering (7) and (9) the SINR (Signal to Interferience plus Noise Ratio) can be defined as:

Ψ(G) !
℘d

℘u
=

p2d(t)
∣

∣WTU(θd, φd)
∣

∣

2

WT∗ΦuW
(11)

Since Φu and p2d(t) are not directly misurable, (11) is not useful. But, it is possible to reformulate the SINR

maximization problem through the following cost function

f(G) =

∣

∣WTU(θd, φd)
∣

∣

2

WT∗ΦtW
(12)

where Φt = Φd +
∑I

i=1
Φi +Φn is a quantity that can be measured at the receiver.
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Part II

Preliminary Results - Unconstrained Directivity

Cases
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TEST CASE 1 - 40 Elements - Fixed Scenario, Single Interference

Goal

Maximization of the SINR using genetic algorithms (GA) to determine the optimal thinned array configuration,

considering a static scenario with a single interference.

Test Case Description

• Number of Elements N = 40

• Elements Spacing: d = 0.5λ

• Max Gain Pattern Direction : θd = 90◦, φd = 90◦

• Desired Signal Power: 0 dB

• Interference Power: 30 dB

• Noise Power: −30 dB

• Number of Interferences: NI = 1

• Interference Direction Of Arrival: θi1 = 90◦, φi
1 = 42◦

Optimization Approach: GA

• Number of Variables: X = 40 (αn, n = 1, ..., N)

• Population: 40

• Crossover Probability: 0.9

• Mutation Probability: 0.01

• Number of Generations: 50

6



GA - Single Interference: θi1 = 90◦, φi
1 = 42◦

αn=1
αn=0

Fig.1 - Thinning Configuration
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Fig.3 - Nulls Depth Fig.4 - Fitness - SINR

AF (θi1, φ
i
1) Nr.ActiveElements SINR [dB]

GA −59.58 25 29.42

Tab.1 - GA Simulation Results Analysis
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TEST CASE 2 - 40 Elements - Fixed Scenario, Double Interference

Goal

Maximization of the SINR using genetic algorithms (GA) to determine the optimal thinned array configuration,

considering a static scenario with a double interference.

Test Case Description

• Number of Elements N = 40

• Elements Spacing: d = 0.5λ

• Max Gain Pattern Direction : θd = 90◦, φd = 90◦

• Desired Signal Power: 0 dB

• Interference Power: 30 dB

• Noise Power: −30 dB

• Number of Interferences: NI = 2

• Interference Direction Of Arrival: θi1 = 90◦, φi
1 = 42◦, θi2 = 90◦, φi

2 = 113◦

Optimization Approach: GA

• Number of Variables: X = 40 (αn, n = 1, ..., N)

• Population: 40

• Crossover Probability: 0.9

• Mutation Probability: 0.01

• Number of Generations: 100
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GA - Double Intereference: θi1 = 90◦, φi
1 = 42◦, θi2 = 90◦, φi

2 = 113◦

αn=1
αn=0

Fig.5 - Thinning Configuration
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Fig.7 - Null Depth Fig.8 - Fitness - SINR

AF (θi1, φ
i
1) AF (θi2, φ

i
2) Nr.ActiveElements SINR [dB]

GA −62.49 −55.32 32 24.52

Tab.2 - GA Simulation Results Analysis
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TEST CASE 3 - 40 Elements - Fixed Scenario, Triple Interference

Goal

Maximization of the SINR using genetic algorithms (GA) to determine the optimal thinned array configuration,

considering a static scenario with a triple interference.

Test Case Description

• Number of Elements N = 40

• Elements Spacing: d = 0.5λ

• Max Gain Pattern Direction : θd = 90◦, φd = 90◦

• Desired Signal Power: 0 dB

• Interference Power: 30 dB

• Noise Power: −30 dB

• Number of Interferences: NI = 3

• Interference Direction Of Arrival: θi1 = 90◦, φi
1 = 42◦, θi2 = 90◦, φi

2 = 113◦, θi3 = 90◦, φi
3 = 175◦

Optimization Approach: GA

• Number of Variables: X = 40 (αn, n = 1, ..., N)

• Population: 40

• Crossover Probability: 0.9

• Mutation Probability: 0.01

• Number of Generations: 100
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GA - Triple Interference: θi1 = 90◦, φi
1 = 42◦, θi2 = 90◦, φi

2 = 113◦, θi3 = 90◦, φi
3 = 175◦

αn=1
αn=0

Fig.9 - Thinning Configuration
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Fig.11 - Nulls Depth Fig.12 - Fitness - SINR

AF (θi1, φ
i
1) AF (θi2, φ

i
2) AF (θi3, φ

i
3) Nr.ActiveElements SINR [dB]

GA −49.21 −64.83 −67.19 34 19.02

Tab.3 - GA Simulation Results Analysis
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TEST CASE 4 - 40 Elements - Time-Varying Scenario

Goal

Maximization of the SINR using genetic algorithms (GA) to determine the optimal thinned array configuration,

considering a time-varying scenario.

Test Case Description

• Number of Elements N = 40

• Elements Spacing: d = 0.5λ

• Max Gain Pattern Direction : θd = 90◦, φd = 90◦

• Desired Signal Power: 0 dB

• Interference Power: 30 dB

• Noise Power: −30 dB

• Number of Interferences: variable

• Timesteps: T = 900

Optimization Approach: GA

• Number of Variables: X = 40 (αn, n = 1, ..., N)

• Population: 40

• Crossover Probability: 0.9

• Mutation Probability: 0.01

• Number of Generations (for each iteration of the time-varying scenario): 200
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GA - Time-Varying Scenario
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Min {SINR} [dB] Max {SINR} [dB] Average {SINR} [dB] V ariance {SINR} [dB]

GA −30.00 46.02 23.38 351.85

Tab.4 - SINR statistics

Min {NON} Max {NON} Average {NON} V ariance {NON}

GA 4 40 31.10 41.46

Tab.5 - Number of Active Elements (NON) statistics
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