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1 Mathematical Formulation

1.1 Sideband Radiation Computation

Consider an array of N identical radiating elements along z -axis with static excitation In, (n = 1, ..., N), and

let each of them be energised periodically by the function

gn(t) =

{

1, 0 ≤ τrn < t < τfn ≤ 1

0, otherwise
(1)

where τrn and τfn represent the starting and finishing normalized instants with respect to the modulating period

Tp, respectively.

It is possible to demonstrate that the total amount sideband radiation can be computed by using a very effective

closed-form equation, defined as

PSR = 2π
N
∑

n=1

|In|
2 [τn (1− τn)] + 2π

N
∑

m,n = 1

m #= n

$ 〈ImI∗n〉 [τmn − τnτm] sinc (k (zm − zn)) (2)

where τn = τfn − τrn and τmn denotes the overlapped duration between corresponding switch-on durations τn

and τm.

1.2 Synthesis Technique

The synthesis technique is based on the a PSO-based strategy [1] aimed to define suitable rectangular-pulse

waveforms exciting the elements composing the array and the distance between them, in order to reproduce a

pattern with desired features in terms of SLL and BW and minimizing the amount of wasted power radiated

in sideband. The cost function is defined as:

Φ(k)(τ , d) = wSLL

∣

∣SLL(k)(τ , d)− SLLref

∣

∣

2

|SLLref |
2 + wBW

∣

∣BW (k)(τ , d)−BWref

∣

∣

2

|BWref |
2 + wSRPSR(τ , d)

where SLL(k)(τ , d) and SLLref are actual and target peak of sidelobe level, respectively, and BW (k)(τ , d) and

BWref are actual and target −3dB beamwidth, respectively, τ = {τn; n = 1, ..., N} is the set of pulse dutations

and d = {dn = zn+1 − zn; n = 1, ..., N − 1} is the set of inter-element distance.
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Numerical Results

2 TEST CASE 1 - Nref = 14, SLLref = −25dB (Dolph Comparison)

Goal

Time-modulated array synthesis through a PSO -based strategy optimizing the positions of the elements and

the pulse durations exciting the elements of the array, jointly minimizing the sideband radiation. A comparison

with a Dolph-Chebyshev pattern is proposed.

Reference Array Description

• Number of Elements: Nref = 14

• Static Array Excitations: Uniform, In = 1, n = 1, ..., N

• Averaged Time-Modulated Target Pattern: Dolph-Chebyshev, SLLref = −25 dB, BWref = 8.51 deg

• Interelement Distance Range: dn = 0.5λ

Optimized Array Description

• Number of Elements: Nopt ∈ {13, 12, 11, 10}

• Static Array Excitations: Uniform, In = 1, n = 1, ..., N

• Averaged Time-Modulated Target Pattern: SLLopt = SLLref = −25 dB, BWopt = BWref = 8.51 deg

• Interelement Distance Range: dn ∈ [0.40÷ 1.0]λ

Optimization Approach: PSO [1]

• Number of Variables: X = 2N − 1 (Normalized pulse duration τn, n = 1, ..., N , Interelement spacing

dn, n = 1, ..., (N − 1))

• Number of Particles: S = N

• Number of Iterations: M = 2000

• Inertial Weight: Iw = 0.4

• Cost Function: SLL weight: wSLL = 10, BW weight: wBW = 1, SR weight: wSR = 1

4



Reference Pattern: Dolph-Chebyshev, SLLref = −25 dB, BWref = 8.51 deg - Nopt = 13
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Fig. 1 - Pulse Sequence
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Fig. 2 - Beam Pattern Fig. 3 - Beam Pattern comparison
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Fig. 4 - SBL Fig. 5 - Sideband Radiation

N L [λ] SLL [dB] BW [deg] SBL [dB] SR [%]

Reference 14 6.50 −25.00 8.51 −12.36 22.22

Sparse (PSO) 13 6.50 −25.02 8.53 −24.09 4.54

Tab. I - Optimized Solution - Features: Number of Elements (N), Array Aperture (L), Sidelobe Level (SLL), -3dB

Beamwidth (BW ), Sideband Level (SBL) and Sideband Radiation (SR)
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Reference Pattern: Dolph-Chebyshev, SLLref = −25 dB, BWref = 8.51 deg - Nopt = 12
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Fig. 7 - Beam Pattern Fig. 8 - Beam Pattern comparison
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Fig. 9 - SBL Fig. 10 - Sideband Radiation

N L [λ] SLL [dB] BW [deg] SBL [dB] SR [%]

Reference 14 6.50 −25.00 8.51 −12.36 22.22

Sparse (PSO) 12 6.50 −25.00 8.52 −21.73 6.43

Tab. II - Optimized Solution - Features: Number of Elements (N), Array Aperture (L), Sidelobe Level (SLL), -3dB

Beamwidth (BW ), Sideband Level (SBL) and Sideband Radiation (SR)
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Reference Pattern: Dolph-Chebyshev, SLLref = −25 dB, BWref = 8.51 deg - Nopt = 11
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Fig. 11 - Pulse Sequence

-50

-40

-30

-20

-10

 0

 0  15  30  45  60  75  90  105  120  135  150  165  180

N
o
rm

al
iz

ed
 P

o
w

er
 P

at
te

rn
 [

d
B

]

θ  [deg]

h=0
h=1
h=2

-50

-40

-30

-20

-10

 0

 0  15  30  45  60  75  90  105  120  135  150  165  180

N
o
rm

al
iz

ed
 P

o
w

er
 P

at
te

rn
 [

d
B

]

θ  [deg]

Reference
Sparse

Fig. 12 - Beam Pattern Fig. 13 - Beam Pattern comparison
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Fig. 14 - SBL Fig. 15 - Sideband Radiation

N L [λ] SLL [dB] BW [deg] SBL [dB] SR [%]

Reference 14 6.50 −25.00 8.51 −12.36 22.22

Sparse (PSO) 11 6.50 −24.93 8.52 −19.52 9.41

Tab. III - Optimized Solution - Features: Number of Elements (N), Array Aperture (L), Sidelobe Level (SLL), -3dB

Beamwidth (BW ), Sideband Level (SBL) and Sideband Radiation (SR)
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Reference Pattern: Dolph-Chebyshev, SLLref = −25 dB, BWref = 8.51 deg - Nopt = 10
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Fig. 17 - Beam Pattern Fig. 18 - Beam Pattern comparison
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Fig. 19 - SBL Fig. 20 - Sideband Radiation

N L [λ] SLL [dB] BW [deg] SBL [dB] SR [%]

Reference 14 6.50 −25.00 8.51 −12.36 22.22

Sparse (PSO) 10 6.50 −24.96 8.51 −16.81 14.96

Tab. IV - Optimized Solution - Features: Number of Elements (N), Array Aperture (L), Sidelobe Level (SLL), -3dB

Beamwidth (BW ), Sideband Level (SBL) and Sideband Radiation (SR)
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Reference Pattern: Dolph-Chebyshev, SLLref = −25 dB, BWref = 8.51 deg - Resume

N L [λ] SLL [dB] BW [deg] SBL [dB] SR [%]

Reference 14 6.50 −25.00 8.51 −12.36 22.22

Sparse (PSO) 13 6.50 −25.02 8.53 −24.09 4.54

Sparse (PSO) 12 6.50 −25.00 8.52 −21.73 6.43

Sparse (PSO) 11 6.50 −24.93 8.52 −19.52 9.41

Sparse (PSO) 10 6.50 −24.96 8.51 −16.81 14.96

Tab. V - Optimized Solutions - Features: Number of Elements (N), Array Aperture (L), Sidelobe Level (SLL), -3dB

Beamwidth (BW ), Sideband Level (SBL) and Sideband Radiation (SR)
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3 TEST CASE 3 - Nref = 30, SLLref = −20dB

3.1 Reducing the Number of Elements Nopt

Goal

Time-modulated array synthesis through a PSO -based strategy optimizing the positions of the elements and

the pulse durations exciting the elements of the array, jointly minimizing the sideband radiation. A comparison

with the results published in [1] is proposed.

Reference Array Description

• Number of Elements: Nref = 30

• Static Array Excitations: Uniform, In = 1, n = 1, ..., N

• Averaged Time-Modulated Target Pattern: [Poli 2010], SLLref = −20 dB, BWref = 2.84 deg

• Interelement Distance Range: dn = 0.7λ

Optimized Array Description

• Number of Elements: Nopt = 22

• Static Array Excitations: Uniform, In = 1, n = 1, ..., N

• Averaged Time-Modulated Target Pattern: SLLopt = SLLref = −20 dB, BWopt = BWref = 2.84 deg

• Interelement Distance Range: dn ∈ [0.40÷ 1.0]λ

Optimization Approach: PSO [1]

• Number of Variables: X = 2N − 1 (Normalized pulse duration τn, n = 1, ..., N , Interelement spacing

dn, n = 1, ..., (N − 1))

• Number of Particles: S = N

• Number of Iterations: M = 2000

• Inertial Weight: Iw = 0.4

• Cost Function: SLL weight: wSLL = 3, BW weight: wBW = 3, SR weight: wSR = 1
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Reference Pattern: [Poli 2010], SLLref = −20 dB, BWref = 2.84 deg - Nopt = 22
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Fig. 22 - Beam Pattern Fig. 23 - Beam Pattern comparison
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Fig. 24 - SBL Fig. 25 - Sideband Radiation

N L [λ] SLL [dB] BW [deg] SBL [dB] SR [%]

Reference 30 20.30 −20.00 2.84 −28.91 3.57

Sparse (PSO) 22 18.17 −19.89 2.92 −31.47 3.54

Tab. VI - Optimized Solution - Features: Number of Elements (N), Array Aperture (L), Sidelobe Level (SLL), -3dB

Beamwidth (BW ), Sideband Level (SBL) and Sideband Radiation (SR)
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3.2 Reducing the Sideband Radiation SR

Goal

Time-modulated array synthesis through a PSO -based strategy optimizing the positions of the elements and

the pulse durations exciting the elements of the array, jointly minimizing the sideband radiation. A comparison

with the results published in [1] is proposed.

Reference Array Description

• Number of Elements: Nref = 30

• Static Array Excitations: Uniform, In = 1, n = 1, ..., N

• Averaged Time-Modulated Target Pattern: [Poli 2010], SLLref = −20 dB, BWref = 2.84 deg

• Interelement Distance Range: dn = 0.7λ

Optimized Array Description

• Number of Elements: Nopt = 26

• Static Array Excitations: Uniform, In = 1, n = 1, ..., N

• Averaged Time-Modulated Target Pattern: SLLopt = SLLref = −20 dB, BWopt = BWref = 2.84 deg

• Interelement Distance Range: dn ∈ [0.40÷ 1.0]λ

Optimization Approach: PSO [1]

• Number of Variables: X = 2N − 1 (Normalized pulse duration τn, n = 1, ..., N , Interelement spacing

dn, n = 1, ..., (N − 1))

• Number of Particles: S = N

• Number of Iterations: M = 2000

• Inertial Weight: Iw = 0.4

• Cost Function: SLL weight: wSLL = 3, BW weight: wBW = 3, SR weight: wSR = 1
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Reference Pattern: [Poli 2010], SLLref = −20 dB, BWref = 2.84 deg - Nopt = 26
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Fig. 29 - SBL Fig. 30 - Sideband Radiation

N L [λ] SLL [dB] BW [deg] SBL [dB] SR [%]

Reference 30 20.30 −20.00 2.84 −28.91 3.57

Sparse (PSO) 26 19.22 −20.00 2.80 −∞ 0.00

Tab. VII - Optimized Solution - Features: Number of Elements (N), Array Aperture (L), Sidelobe Level (SLL), -3dB

Beamwidth (BW ), Sideband Level (SBL) and Sideband Radiation (SR)
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3.3 Reducing the Sidelobe Level SLL

Goal

Time-modulated array synthesis through a PSO -based strategy optimizing the positions of the elements and

the pulse durations exciting the elements of the array, jointly minimizing the sideband radiation. A comparison

with the results published in [1] is proposed.

Reference Array Description

• Number of Elements: Nref = 30

• Static Array Excitations: Uniform, In = 1, n = 1, ..., N

• Averaged Time-Modulated Target Pattern: [Poli 2010], SLLref = −20 dB, BWref = 2.84 deg

• Interelement Distance Range: dn = 0.7λ

Optimized Array Description

• Number of Elements: Nopt = 22

• Static Array Excitations: Uniform, In = 1, n = 1, ..., N

• Averaged Time-Modulated Target Pattern: SLLopt = SLLref = −20 dB, BWopt = BWref = 2.84 deg

• Interelement Distance Range: dn ∈ [0.40÷ 1.0]λ

Optimization Approach: PSO [1]

• Number of Variables: X = 2N − 1 (Normalized pulse duration τn, n = 1, ..., N , Interelement spacing

dn, n = 1, ..., (N − 1))

• Number of Particles: S = N

• Number of Iterations: M = 2000

• Inertial Weight: Iw = 0.4

• Cost Function: SLL weight: wSLL = 3, BW weight: wBW = 3, SR weight: wSR = 1
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Reference Pattern: [Poli 2010], SLLref = −20 dB, BWref = 2.84 deg - Nopt = 22

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 0  2  4  6  8  10  12  14  16
N

o
rm

al
iz

ed
 S

w
it

ch
-O

n
 T

im
e

Element Position, [z/λ]

Fig. 31 - Pulse Sequence
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Fig. 32 - Beam Pattern Fig. 33 - Beam Pattern comparison

-60

-50

-40

-30

-20

-10

 0

 0  5  10  15  20

S
B

L
(h

)  [
d
B

]

Harmonic Mode, h

[Poli 2010]
Sparse

10
-3

10
-2

10
-1

10
0

10
1

1 2 3 4 5 6 7 8 9 10

S
R

(h
)  [

%
]

Harmonic Mode, h

[Poli 2010]
Sparse

Fig. 34 - SBL Fig. 35 - Sideband Radiation

N L [λ] SLL [dB] BW [deg] SBL [dB] SR [%]

Reference 30 20.30 −20.00 2.84 −28.91 3.57

Sparse (PSO) 26 18.91 −22.21 2.85 −29.84 3.60

Tab. VIII - Optimized Solution - Features: Number of Elements (N), Array Aperture (L), Sidelobe Level (SLL),

-3dB Beamwidth (BW ), Sideband Level (SBL) and Sideband Radiation (SR)
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