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Abstract 
 

In  this  report,  the  basic  formulation  of  an  inverse  scattering  problem  under  the 

Rytov  approximation  is  presented.  The  single‐task  Bayesian  compressive  Sensing 

technique  is  then  applied  to  invert  the  scattered  data.  Finally,  the  calibration 

procedure  of  the  BCS  parameters  together with  some  preliminary  results  dealing 

with small objects are reported. 
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1 Mathematial Formulation

1.1 The Rytov Approximation

It is possible to derive the Rytov approximation [?℄ by onsidering the total �eld represented as

Etot(−→r ) = eφ(
−→r )

(1)

where φ is the total phase de�ned as the sum of the inident phase funtion φ0 and the sattered omplex

phase φs:

φ(−→r ) = φ0(−→r ) + φs(−→r ) (2)

and

Einc(−→r ) = eφ0(
−→r )

(3)

is the inident �eld.

Starting form the wave equation

(▽2 + k20)E(−→r ) = 0 (4)

we an rewrite it as follows:

(▽φ(−→r ))2 +▽2φ(−→r ) + k20 = −τ(−→r ) (5)

It is possible to demonstrate [?℄ that the solution of the di�erential equation an be expressed as an

integral equation:

Einc(−→r )φs(−→r ) =
∫

V ′

G(−→r −−→r ′)Einc(−→r ′)
[

(▽φs(−→r ))2 + τ(−→r ′)
]

dr′ (6)

where G(−→r −−→r ′) is the Green's funtion and τ(−→r ) is the objet funtion.
Under the Rytov approximation, it is assumed that the term in the above equation an be approximated

by

(▽φs(−→r ))2 + τ(−→r ′) =∼= τ(−→r ′) (7)

Then, the �rst-order Rytov approximation to the sattered phase φs beomes

φs(−→r ) =
2

Einc(−→r )

∫

V ′

G(−→r −−→r ′)Einc(−→r ′)τ(−→r ′)dr′ (8)
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1.2 Inverse CS Problem under Rytov approximation

Using Compressive Sampling tehniques it is possible to solve linear problems suh as: given y = A · x �nd

x suh that x ∈ CM
and x is sparse. Considering Rytov approximation and equation (8), we an de�ne

y =





φs (x1, y1)
...

φs (xM , yM )





(9)

with size M × 1, m = 1, ...,M and v = 1, ..., V , where M is the number of measurement points and V is

the number of views;

A =







Gext

2d
(ρ11)Einc(x

′
1
,y′

1
)

Einc(x1,y1)
...

Gext

2d
(ρ1N )Einc(x

′
N
,y′

N
)

Einc(x1,y1)

... ... ...
Gext

2d
(ρM1)Einc(x

′
1
,y′

1
)

Einc(xM ,yM ) ...
Gext

2d
(ρMN )Einc(x

′
N
,y′

N
)

Einc(xM ,yM)






(10)

with size M × N , n = 1, ..., N where N is the number of ells in the investigation domain, and ρmn =
√

[

(xm − x′
n)

2
+ (ym − y′n)

2
]

.

Finally the unknown's vetor:

x =





τ (x′
1, y

′
1)

...
τ (x′

N , y′N)





(11)
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2 Preliminary Assessment

2.1 TEST CASE: Calibration - Square Cylinder L = 0.16λ

Goal: show the performanes of BCS when dealing with a sparse satterer

• Number of Views: V

• Number of Measurements: M

• Number of Cells for the Inversion: N

• Number of Cells for the Diret solver: D

• Side of the investigation domain: L

Test Case Desription

Diret solver:

• Square domain divided in

√
D ×

√
D ells

• Domain side: L = 3λ

• D = 1296 (disretization for the diret solver: < λ/10)

Investigation domain:

• Square domain divided in

√
N ×

√
N ells

• L = 3λ

• 2ka = 2× 2π
λ

× L
√
2

2 = 6π
√
2 = 26.65

• #DOF = (2ka)2

2 =
(2× 2π

λ
×L

√
2

2
)2

2 = 4π2
(

L
λ

)2
= 4π2 × 9 ≈ 355.3

• N selto in modo da essere viino a #DOF : N = 324 (18× 18)

Measurement domain:

• Measurement points taken on a irle of radius ρ = 3λ

• Full-aspet measurements

• M ≈ 2ka → M = 27

Soures:

• Plane waves

• V ≈ 2ka → V = 27

• Amplitude: A = 1

• Frequeny: 300 MHz (λ = 1)

Objet:

• Square ylinder of side

λ
6 = 0.1667

• εr = 2.0
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• σ = 0 [S/m℄

BCS parameters:

• Initial estimate of the noise: n0 =∈
{

1.0× 10−6, 2.0× 10−6, 5.0× 10−6, 1.0× 10−5, 2.0× 10−5, 5.0× 10−5,

1.0× 10−4, 2.0× 10−4, 5.0× 10−4, 1.0× 10−3, 2.0× 10−3, 5.0× 10−3, 1.0× 10−2
}

• Convergenze parameter: τ = 1.0× 10−8
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RESULTS: Calibration
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Figure 1. Behaviour of error �gures as a funtion of the initial estimate of the noise n0, for di�erent SNR
values: (a) total error ξtot, (b) internal error ξint, () external error ξext.
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2.2 TEST CASE: Square Cylinder L = 0.16λ

Goal: show the performanes of BCS when dealing with a sparse satterer

• Number of Views: V

• Number of Measurements: M

• Number of Cells for the Inversion: N

• Number of Cells for the Diret solver: D

• Side of the investigation domain: L

Test Case Desription

Diret solver:

• Square domain divided in

√
D ×

√
D ells

• Domain side: L = 3λ

• D = 1296 (disretization for the diret solver: < λ/10)

Investigation domain:

• Square domain divided in

√
N ×

√
N ells

• L = 3λ

• 2ka = 2× 2π
λ

× L
√
2

2 = 6π
√
2 = 26.65

• #DOF = (2ka)2

2 =
(2× 2π

λ
×L

√
2

2
)2

2 = 4π2
(

L
λ

)2
= 4π2 × 9 ≈ 355.3

• N selto in modo da essere viino a #DOF : N = 324 (18× 18)

Measurement domain:

• Measurement points taken on a irle of radius ρ = 3λ

• Full-aspet measurements

• M ≈ 2ka → M = 27

Soures:

• Plane waves

• V ≈ 2ka → V = 27

• Amplitude: A = 1

• Frequeny: 300 MHz (λ = 1)

Objet:

• Square ylinder of side

λ
6 = 0.1667

• εr ∈ {1.5, 2.0, 2.5, 3.0}
• σ = 0 [S/m℄

BCS parameters:

• Initial estimate of the noise: n0 = 8.0× 10−3

• Convergenze parameter: τ = 1.0× 10−8
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RESULTS: Square Cylinder L = 0.16λ
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Figure 2. Atual objet (a)(b)() and BCS reonstruted objet with (d)(g)(l) εr = 1.5, (e)(h)(m)

εr = 2.0, and (f )(i)(n) εr = 3.0, for (d)(e)(f ) Noiseless ase, (g)(h)(i) SNR = 10 [dB℄ and (l)(m)(n)

SNR = 5 [dB℄.
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RESULTS: Square Cylinder L = 0.16λ - Error Figures - Comparison Born/Rytov Approximation
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Figure 3. Behaviour of error �gures as a funtion of εr, for di�erent SNR values: (a) total error ξtot, (b)
internal error ξint, () external error ξext.
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2.3 TEST CASE: Square Cylinder L = 0.33λ

Goal: show the performanes of BCS when dealing with a sparse satterer

• Number of Views: V

• Number of Measurements: M

• Number of Cells for the Inversion: N

• Number of Cells for the Diret solver: D

• Side of the investigation domain: L

Test Case Desription

Diret solver:

• Square domain divided in

√
D ×

√
D ells

• Domain side: L = 3λ

• D = 1296 (disretization for the diret solver: < λ/10)

Investigation domain:

• Square domain divided in

√
N ×

√
N ells

• L = 3λ

• 2ka = 2× 2π
λ

× L
√
2

2 = 6π
√
2 = 26.65

• #DOF = (2ka)2

2 =
(2× 2π

λ
×L

√
2

2
)2

2 = 4π2
(

L
λ

)2
= 4π2 × 9 ≈ 355.3

• N selto in modo da essere viino a #DOF : N = 324 (18× 18)

Measurement domain:

• Measurement points taken on a irle of radius ρ = 3λ

• Full-aspet measurements

• M ≈ 2ka → M = 27

Soures:

• Plane waves

• V ≈ 2ka → V = 27

• Amplitude: A = 1

• Frequeny: 300 MHz (λ = 1)

Objet:

• Square ylinder of side

λ
3 = 0.33

• εr ∈ {1.5, 2.0, 2.5, 3.0}
• σ = 0 [S/m℄

BCS parameters:

• Initial estimate of the noise: n0 = 8.0× 10−3

• Convergenze parameter: τ = 1.0× 10−8
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RESULTS: Square Cylinder L = 0.33λ
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Figure 6. Atual objet (a)(b)() and BCS reonstruted objet with (d)(g)(l) εr = 1.5, (e)(h)(m)

εr = 2.0, and (f )(i)(n) εr = 3.0, for (d)(e)(f ) Noiseless ase, (g)(h)(i) SNR = 10 [dB℄ and (l)(m)(n)

SNR = 5 [dB℄.
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RESULTS: Square Cylinder L = 0.33λ - Error Figures - Comparison Born/Rytov Approximation
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Figure 7. Behaviour of error �gures as a funtion of εr, for di�erent SNR values: (a) total error ξtot, (b)
internal error ξint, () external error ξext.
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2.4 TEST CASE: Two Square Cylinders L = 0.16λ

Goal: show the performanes of BCS when dealing with a sparse satterer

• Number of Views: V

• Number of Measurements: M

• Number of Cells for the Inversion: N

• Number of Cells for the Diret solver: D

• Side of the investigation domain: L

Test Case Desription

Diret solver:

• Square domain divided in

√
D ×

√
D ells

• Domain side: L = 3λ

• D = 1296 (disretization for the diret solver: < λ/10)

Investigation domain:

• Square domain divided in

√
N ×

√
N ells

• L = 3λ

• 2ka = 2× 2π
λ

× L
√
2

2 = 6π
√
2 = 26.65

• #DOF = (2ka)2

2 =
(2× 2π

λ
×L

√
2

2
)2

2 = 4π2
(

L
λ

)2
= 4π2 × 9 ≈ 355.3

• N selto in modo da essere viino a #DOF : N = 324 (18× 18)

Measurement domain:

• Measurement points taken on a irle of radius ρ = 3λ

• Full-aspet measurements

• M ≈ 2ka → M = 27

Soures:

• Plane waves

• V ≈ 2ka → V = 27

• Amplitude: A = 1

• Frequeny: 300 MHz (λ = 1)

Objet:

• Two square ylinders of side

λ
6 = 0.1667

• εr ∈ {1.5, 2.0, 2.5, 3.0} (two square), εr = 1.9 (one square)

• σ = 0 [S/m℄

BCS parameters:

• Initial estimate of the noise: n0 = 8.0× 10−3

• Convergenze parameter: τ = 1.0× 10−8
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RESULTS: Three Square Cylinders L = 0.16λ
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Figure 4. Atual objet (a)(b)() and BCS reonstruted objet with (d)(g)(l) εr = 1.5, (e)(h)(m)

εr = 2.0, and (f )(i)(n) εr = 3.0, for (d)(e)(f ) Noiseless ase, (g)(h)(i) SNR = 10 [dB℄ and (l)(m)(n)

SNR = 5 [dB℄.

15



RESULTS: Three Square Cylinders L = 0.16λ - Error Figures - Comparison Born/Rytov Ap-

proximation
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internal error ξint, () external error ξext.
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