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Abstract

In this report, the basic formulation of an inverse scattering problem under the
Rytov approximation is presented. The single-task Bayesian compressive Sensing
technique is then applied to invert the scattered data. Finally, the calibration
procedure of the BCS parameters together with some preliminary results dealing

with small objects are reported.
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1 Mathematical Formulation

1.1 The Rytov Approximation

It is possible to derive the Rytov approximation [?] by considering the total field represented as

Erot(7) = &#(™) (1)

where ¢ is the total phase defined as the sum of the incident phase function ¢y and the scattered complex
phase ¢s:

() = ¢o(T) + ¢s(7) (2)
and
Eine(7) = e9(T) 3)
is the incident field.
Starting form the wave equation
(V2 + k) E(T) =0 (4)
we can rewrite it as follows:
(VO(T))* + V26(P) + kg = —7(T) (5)

It is possible to demonstrate [?] that the solution of the differential equation can be expressed as an
integral equation:

Einc(P)ou(P) = [ G = P)Eune ') [(06:(P) +7(P")] dr” ©)

V/
where G(7 — 7') is the Green’s function and 7(7) is the object function.
Under the Rytov approximation, it is assumed that the term in the above equation can be approximated
by

(Vs (7)) +7(7") == 7(7) (7)
Then, the first-order Rytov approximation to the scattered phase ¢ becomes

¢S(?) - #(?) Vv G(? - ?/)Einc(?/)T(?/)dT/ (8)



1.2 Inverse CS Problem under Rytov approximation

Using Compressive Sampling techniques it is possible to solve linear problems such as: given 7 = A - T find
7 such that 7 € C™ and 7 is sparse. Considering Rytov approximation and equation (8), we can define

b5 (21,91)
bs (xar,ymr)
with size M x 1, m=1,....M and v =1, ..., V, where M is the number of measurement points and V" is

the number of views;

G55 (p11) Binc(x],y1) G55 (PN ) Bine (@, y)
- Einc(z1,y1) Einc(z1,Y1)
- (10)
ngt (P}Wl)Einc(m/l 7"/1) G;gt(PAIN)Einc(wley;\l)
Einc(xr,yn) Einc(xar,ynr)

with size M x N, n = 1,...,N where N is the number of cells in the investigation domain, and p,,, =

Lo =00+ =],

Finally the unknown’s vector:

7 (21, 91)

(11)
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2 Preliminary Assessment
2.1 TEST CASE: Calibration - Square Cylinder L = 0.16\
GoAL: show the performances of BC'S when dealing with a sparse scatterer

e Number of Views: V

e Number of Measurements: M

e Number of Cells for the Inversion: N

Number of Cells for the Direct solver: D

Side of the investigation domain: L

Test Case Description

Direct solver:

e Square domain divided in v'D x v/D cells

e Domain side: L = 3\

e D = 1296 (discretization for the direct solver: < \/10)
Investigation domain:

e Square domain divided in VN x v/N cells

o L =3\

o 2ka =2 x 2% x LY2 = 67\/2 = 26.65

2n o LVZy2
XX Z57)

o #DOF = Zkal _ ( — 4n2 (£)? = 472 x 9 ~ 355.3

e N scelto in modo da essere vicino a #DOF: N = 324 (18 x 18)
Measurement domain:
e Measurement points taken on a circle of radius p = 3\
e Full-aspect measurements
o M ~2ka — M =27
Sources:
e Plane waves
o Vx~2ka—V =27
e Amplitude: A =1
e Frequency: 300 MHz (A = 1)
Object:
e Square cylinder of side % = 0.1667
e . =20



o o =0[S/m]
BCS parameters:

e Initial estimate of the noise: ng =€ {1.0 x 1076, 2.0 x 1079, 5.0 x 107%, 1.0 x 107°, 2.0 x 107°, 5.0 x 1072,
1.0 x 1074, 2.0 x 1074, 5.0 x 1074, 1.0 x 1072, 2.0 x 1073, 5.0 x 1073, 1.0 x 10’2}

e Convergenze parameter: 7 = 1.0 x 1078



RESULTS: Calibration
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Figure 1. Behaviour of error figures as a function of the initial estimate of the noise ng, for different SN R
values: (a) total error &, (b) internal error &, (¢) external error Eeq.



2.2 TEST CASE: Square Cylinder L = 0.16\

GoAL: show the performances of BC'S when dealing with a sparse scatterer
e Number of Views: V
e Number of Measurements: M
e Number of Cells for the Inversion: N

e Number of Cells for the Direct solver: D

Side of the investigation domain: L

Test Case Description
Direct solver:

e Square domain divided in v'D x /D cells

e Domain side: L = 3\

e D = 1296 (discretization for the direct solver: < A/10)
Investigation domain:

e Square domain divided in VN x VN cells

e =23\

o 2ka=2x 2 x LY2 = 672 = 26.65

2m o LV2)2
o #DOF = Zhal® _ EET _ yr2 (£)? — 4n? 5 9~ 355.3
e N scelto in modo da essere vicino a #DOF: N = 324 (18 x 18)

Measurement domain:
e Measurement points taken on a circle of radius p = 3\
e Full-aspect measurements
o M ~2ka — M =27
Sources:
e Plane waves
o Vx2ka—V =27
e Amplitude: A =1
e Frequency: 300 MHz (A = 1)
Object:
e Square cylinder of side 2 = 0.1667
e z,. €{1.5,2.0, 25, 3.0}
e 0 =0[S/m]
BCS parameters:
e Initial estimate of the noise: ny = 8.0 x 1073

e Convergenze parameter: 7 = 1.0 x 1078



RESULTS: Square Cylinder L = 0.16\
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Figure 2. Actual object (a)(b)(¢) and BCS reconstructed object with (d)(g)(I) e, = 1.5, (e)(h)(m)
er = 2.0, and (f)(7)(n) e, = 3.0, for (d)(e)(f) Noiseless case, (g)(h)(i) SNR = 10 [dB] and (I)(m)(n)
SNR =5 [dB].

Reft(xy)]

Reft(xy)]

Reft(xy)]

Re[t(xy)]



RESULTS: Square Cylinder L = 0.16\ - Error Figures - Comparison Born/Rytov Approximation
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Figure 3. Behaviour of error figures as a function of ¢,, for different SN R values: (a) total error &0, (b)
internal error &, (¢) external error &.,y.
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2.3 TEST CASE: Square Cylinder L = 0.33)\

GoAL: show the performances of BC'S when dealing with a sparse scatterer
e Number of Views: V
e Number of Measurements: M
e Number of Cells for the Inversion: N

e Number of Cells for the Direct solver: D

Side of the investigation domain: L

Test Case Description
Direct solver:

e Square domain divided in v'D x /D cells

e Domain side: L = 3\

e D = 1296 (discretization for the direct solver: < A/10)
Investigation domain:

e Square domain divided in VN x VN cells

e =23\

o 2ka=2x 2 x LY2 = 672 = 26.65

2m o LV2)2
o #DOF = Zhal® _ EET _ yr2 (£)? — 4n? 5 9~ 355.3
e N scelto in modo da essere vicino a #DOF: N = 324 (18 x 18)

Measurement domain:
e Measurement points taken on a circle of radius p = 3\
e Full-aspect measurements
o M ~2ka — M =27
Sources:
e Plane waves
o Vx2ka—V =27
e Amplitude: A =1
e Frequency: 300 MHz (A = 1)
Object:
e Square cylinder of side % =0.33
e z,. €{1.5,2.0, 25, 3.0}
e 0 =0[S/m]
BCS parameters:
e Initial estimate of the noise: ny = 8.0 x 1073

e Convergenze parameter: 7 = 1.0 x 1078
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RESULTS: Square Cylinder L = 0.33\
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Figure 6. Actual object (a)(b)(¢) and BCS reconstructed object with (d)(g)(I) e, = 1.5, (e)(h)(m)
er = 2.0, and (f)(7)(n) e, = 3.0, for (d)(e)(f) Noiseless case, (g)(h)(i) SNR = 10 [dB] and (I)(m)(n)
SNR =5 [dB].
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RESULTS: Square Cylinder L = 0.33\ - Error Figures - Comparison Born/Rytov Approximation
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Figure 7. Behaviour of error figures as a function of ¢,, for different SN R values: (a) total error &0, (b)
internal error &, (¢) external error &.,y.
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2.4 TEST CASE: Two Square Cylinders L = 0.16\
GoAL: show the performances of BC'S when dealing with a sparse scatterer
e Number of Views: V
e Number of Measurements: M
e Number of Cells for the Inversion: N

e Number of Cells for the Direct solver: D

Side of the investigation domain: L

Test Case Description
Direct solver:

e Square domain divided in v'D x /D cells

e Domain side: L = 3\

e D = 1296 (discretization for the direct solver: < A/10)
Investigation domain:

e Square domain divided in VN x VN cells

e =23\

o 2ka=2x 2 x LY2 = 672 = 26.65

2m o LV2)2
o #DOF = Zhal® _ EET _ yr2 (£)? — 4n? 5 9~ 355.3
e N scelto in modo da essere vicino a #DOF: N = 324 (18 x 18)

Measurement domain:
e Measurement points taken on a circle of radius p = 3\
e Full-aspect measurements
o M ~2ka — M =27
Sources:
e Plane waves
o Vx2ka—V =27
e Amplitude: A =1
e Frequency: 300 MHz (A = 1)
Object:
e Two square cylinders of side % = 0.1667
e c,. € {1.5,2.0, 2.5, 3.0} (two square), £, = 1.9 (one square)
e 0 =0[S/m]
BCS parameters:
e Initial estimate of the noise: ny = 8.0 x 1073

e Convergenze parameter: 7 = 1.0 x 1078
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RESULTS: Three Square Cylinders L = 0.16\
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Figure 4. Actual object (a)(b)(¢) and BCS reconstructed object with (d)(g)(I) e, = 1.5, (e)(h)(m)
er = 2.0, and (f)(7)(n) e, = 3.0, for (d)(e)(f) Noiseless case, (g)(h)(i) SNR = 10 [dB] and (I)(m)(n)
SNR =5 [dB].
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RESULTS: Three Square Cylinders L = 0.16\ - Error Figures - Comparison Born/Rytov Ap-
proximation
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